Steady state and transient behavior of a continuous fermentor by Hanson, Thor Palmer
Retrospective Theses and Dissertations Iowa State University Capstones, Theses andDissertations
1969
Steady state and transient behavior of a continuous
fermentor
Thor Palmer Hanson
Iowa State University
Follow this and additional works at: https://lib.dr.iastate.edu/rtd
Part of the Chemical Engineering Commons
This Dissertation is brought to you for free and open access by the Iowa State University Capstones, Theses and Dissertations at Iowa State University
Digital Repository. It has been accepted for inclusion in Retrospective Theses and Dissertations by an authorized administrator of Iowa State University
Digital Repository. For more information, please contact digirep@iastate.edu.
Recommended Citation
Hanson, Thor Palmer, "Steady state and transient behavior of a continuous fermentor " (1969). Retrospective Theses and Dissertations.
4109.
https://lib.dr.iastate.edu/rtd/4109
70-13,589 
HANSONJ Thor Palmer, 1942-
STEADY STATE AND TRANSIENT BEHAVIOR OF A 
CONTINUOUS FERMENTOR. 
Iowa State University, Ph.D., 1969 
Engineering, chemical 
University Microfilms, Inc., Ann Arbor, Michigan 
THIS DISSERTATION HAS BEEN MICROFILMED EXACTLY AS RECEIVED 
STEADY STATE AND TRANSIENT BEHAVIOR OF 
A CONTINUOUS FERMENTOR 
A Dissertation Submitted to the 
Graduate Faculty in Partial Fulfillment of 
The Requirements for the Degree of 
DOCTOR OP PHILOSOPHY 
Major Subject: Chemical Engineering 
Thor Palmer Hanson 
Approved : 
In Charge of Major Work 
Head of Major Department 
D( 'ége
Iowa State University 
Ames, lowa 
1969 
Signature was redacted for privacy.
Signature was redacted for privacy.
Signature was redacted for privacy.
11 
TABLE OP CONTENTS 
Page 
ABSTRACT v 
I. INTRODUCTION 1 
II. BACKGROUND INFORMATION 5 
A. Bacterial Growth 5 
B. Mathematical Models for Bacterial Growth l4 
1. Curve fitting models 16 
2. Unstructured models 17 
3. Structured models 23 
4. Stochastic models 26 
C. Continuous Fermentation 28 
1. General design equation for CSTP 30 
2. Steady state behavior and prediction 31 
3. Multi-stage systems 37 
4. Heterogeneous cultures and substrates 39 
5. Transient behavior of a CSTP 40 
D. Lactic Acid Bacteria 45 
1. Morphology 45 
2. Temperature effects 46 
3. pH effects 46 
4. Effect of medium composition 47 
III. EXPERIMENTAL EQUIPMENT AND PROCEDURES 54 
A. Equipment 54 
1. Shaker flask culture 54 
2. pH controlled fermentor 55 
iii 
Page 
B. Nutrient Sources 60 
C. Organism and Culture Techniques 62 
D. Procedures 63 
1. Sterilization 63 
2. Sampling 64 
3. Techniques in batch fermentations 64 
E. Analytical Techniques 66 
1. pH measurements 66 
2. Bacterial density 66 
3. Glucose determination 67 
4. Lactic acid determination 68 
5. Caustic concentration 70 
IV. RESULTS AND DISCUSSION 71 
A. Batch Fermentations at Constant pH Levels 71 
1. Bacterial and lactic acid yields 73 
2. Regression analysis of growth curves 82 
3. Mathematical model 83 
B. Effect of Yeast Extract Concentration on 
Batch Fermentation at pK 5.40 103 
1. Growth curves and bacterial yields 104 
2. Proposed mathematical model and 
application IO8 
3. Mathematical simulation of multi-
exponential growth curve 112 
C. Steady State and Transient Behavior of the 
" C vkvna 4 - o  ^ r\Y\ 1  1  i j  
1. Results and yields 119 
iv 
Page 
2. Prediction of steady state behavior 
from batch data 125 
3. Transient runs I30 
V. SUMMARY 138 
VI. RECOMMENDATIONS FOR FURTHER WORK l4l 
VII. NOMENCLATURE 142 
VIII. LITERATURE CITED l44 
IX. ACKNOWLEDGMENTS 157 
APPENDIX A. CORRECTION FACTOR FOR DEVIATIONS 
FROM THE BEER-LAMBERT LAW 158 
APPENDIX B. FORTRAN COMPUTER PROGRAM FOR CORRECTING 
FOR DILUTION AND SAMPLING ERRORS IN BATCH 
FERMENTATION I6I 
APPENDIX C. DATA FROM BATCH FERMENTATION KINETIC 
STUDIES 165 
APPENDIX D. FORTRAN COMPUTER PROGRAM FOR FITTING 
BATCH GROWTH CURVES TO EQUATION 64 USING LINEAR 
REGRESSION ANALYSIS 170 
APPENDIX E. ANALOG SOLUTION OF BATCH FERMENTATION 
MODEL 173 
APPENDIX F. ANALOG SOLUTION OF EXTENDED MONOD 
GROWTH EQUATION 176 
APPENDIX G. TABULATED DATA AND PLOTS OP TRANSIENT 
RUNS 180 
V 
ABSTRACT 
The fermentation kinetics of the homofermentative orga­
nism Lactobacillus delbrueckii in a glucose-yeast extract 
medium is studied in both batch and continuous culture under 
conditions of controlled pH. Prom a graphical analysis of 
the experimental data, a mathematical model of the batch 
process is derived which relates bacterial growth, glucose 
utilization and lactic acid formation. The parameters in 
the model represent the activity of the organism and are a 
function of pH having a maximum value at about pH 5.90. 
The batch growth curves of L. delbrueckii exhibit 
several exponential phases. The position of the slope changes 
and the overall bacterial yield is related to the initial 
amount of yeast extract in the medium. It is postulated that 
this behavior is due to several stimulatory substances in the 
yeast extract that accelerate growth and are consumed by the 
bacteria during the course of the fermentation. Using a 
Monod-type expression to represent the effect of the essential 
and stimulatory components, the following growth equation is 
proposed to represent the observed behavior. 
dCv 
3t-
^Em + ^ Em 
vi 
= bacterial density, 
= specific growth rate constants, 
= concentration of stimulatory component, 
= concentration of essential component, 
Kgi = Michaelis constants. 
An experimental program based on a three dimensional, 
statistical design is carried out to observe the effect of 
pH, feed concentration and dilution rate on the steady state 
behavior of a continuous stirred tank fermentor (CSTP). The 
feed medium has a constant ratio of two parts glucose to one 
part yeast extract plus added mineral salts. An approximate 
prediction of the steady state bacterial density, glucose 
concentration and lactate concentration in the CSTP could be 
made from the batch fermentation data using either a graphical 
technique or a method based on the kinetic model derived for 
the batch case. 
In moving from one point on the statistical design to 
another, step changes are made in the operating conditions 
and the transient behavior of the CSTF is observed in terms 
of acid production rate, glucose concentration and bacterial 
density. Using the batch kinetic model, this transient 
behavior is simulated on the analog computer. The response 
time for the glucose concentration is much faster for the 
simulated runs than is observed, but the response time of the 
bacterial density is about the same for both cases. 
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I. INTRODUCTION 
Recently there has been Increased interest in the chemical 
Industry in :he production of protein for use as a food supple­
ment, especially for countries where the native foods are-
lacking in protein (l, 2). One of the techniques employed 
has been solvent extraction of protein from oilseeds such as 
soybeans or cottonseed (3). The soybean product has been 
utilized in several commercial food products in this country. 
Also, much work has been done lately on developing an edible, 
high protein fish concentrate (4). Another method has been 
the cultivation of microorganisms on organic wastes and hydro­
carbons; the latter is now being investigated by several major 
petroleum companies (5). 
Bacteria grow very fast with a mean regeneration time of 
one to two hours. For many forms of plant life it is one 
year and for higher order animals it varies from six months 
to 20 years. These higher forms of life contain less protein 
and are far less efficient in their utilization of food 
material. In addition, bacteria are nutritionally balanced 
in their amino acid content, whereas most agricultural 
products are relatively low in their methionine and lysine 
contents (6). 
While the interest in cell production has been a recent 
development, most of the interest in fermentation in the past 
has been in the area of cellular by-products. These range 
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from simple products such as ethanol, lactic acid and acetic 
acid to complicated macromolecules such as enzymes, anti­
biotics and vitamins which cannot be produced by other means. 
However, the use of fermentation to produce the simpler 
chemicals has been considerably reduced in recent years due 
to the development of more economical synthetic processes. 
Commonly, fermentations have been carried out batch-
wise and there has been a reluctance to go to continuous 
fermentation despite the economic advantages and the trends 
of other phases of the chemical industry. Some exceptions 
to this have been the continuous production of baker's yeast 
(Y), the fermentation of beer in countries outside the United 
States (8), and the well-known activated sludge process for 
waste treatment. 
One of the factors that has prevented the industry from 
making this transformation has been a lack of technology of 
the dynamic growth characteristics of bacteria, which is of 
much importance in designing any continuous system and for 
providing proper control of it. 
The object of this investigation is to study the effect 
of several variables on the growth rate of bacteria in both 
batch and continuous operations. The continuous studies are 
carried out in a continuous stirred tank fermentor (CSTF) 
as it is more suited for fermentations than a plug flow 
reactor. 
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The study Is being conducted with the homofermentafclve, 
thermophilic bacteria Lactobacillus delbrueckll which has 
several properties that make it useful for fermentation 
studies. First, it can utilize a single carbohydrate 
source such as glucose and convert it almost entirely into 
lactic acid with negligible side products. Secondly, the 
high temperature and low pH of the fermentation reduces the 
sterility requirements since there are very few organisms 
that can live under these conditions. Finally, L. delbrueckll 
is anaerobic, thus eliminating the need for aeration of the 
medium and avoiding foaming problems which might otherwise 
hinder interpretation of the results (9). 
Previous work on L. delbrueckll has shown that the over­
all yield and growth rate is Influenced by the concentration 
of the feed medium (10, 11), pH {9, 12, 13), temperature (14), 
and agitation rate (15). Continuous fermentation studies 
using this bacteria have been made by several workers (9, 16, 
17, 18). 
In this work the effect of the concentration of two 
nutrient components, glucose and yeast extract, is investi­
gated and appropriate kinetic relationships are determined 
that relate their concentrations to the growth rate. For the 
batch fermentations, a model is developed that relates 
bacterial production, sugar utilization and lactic acid 
formation. This model is then used to determine the behavior 
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of the CSTF. 
In the evaluation of the CSTP, a three-dimensional, 
statistical design experiment is carried out to determine the 
effect of dilution rate, feed concentration, and pH. After 
a steady state is established, the operating variables are 
quickly changed to a new set of conditions and the transient 
response of the CSTP is measured in terms of bacterial con­
centration, sugar concentration and acid production rate. 
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II. BACKGROUND INFORMATION 
A. Bacterial Growth 
Bacteria, yeast and other single-celled microorganisms 
constitute the smallest subdivision of life known. Like 
higher forms of life they are able to assimilate nutrients 
from their environment, convert them into cellular matter 
and reproduce daughter cells that are identical to the mother. 
Since the discovery of bacteria by Anton van Leeuwenhoef 
in 1676, bacteriologists have collected much information on 
the morphology, physical and chemical characteristics, 
nutritional requirements and other properties of thousands 
of known species of microorganisms (19). With the recent 
advances in biochemistry, many of the mechanisms of the 
cellular processes have been determined on a molecular basis. 
An excellent account of the biochemistry of microorganisms 
is given by Mandelstam and McQuillen (20). Doelle (21) 
gives a review of bacterial cell metabolism. Dean and 
HInshelwood (22) summarize the kinetics and growth pattern 
of bacteria. 
Bacteria can exist in the shape of spheres, rods or 
spirals depending on the species. A typical bacteria has a 
volume of about 10'^  ^ml and contains about 2.5 x 10"^  ^gm 
of dry matter which is about 50 percent protein. A typical 
bacteria call Is shcv-r. in Figure 1. It is surrounded by a 
tough outer cell wall that is fairly rigid and gives shape 
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Cell wall 
Protoplast membrane 
AgP - Substrate molecules 
E - Cellular product 
I - Protoplasm 
B,C,D,G,H - Intermediates 
Figure 1. Simplified schematic of cell 
metabolism and growth 
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and protection to the cell. Adjacent to the cell wall is 
the protoplast membrane which surrounds the cell's protoplasm 
and is the main permeability barrier of the cell, since the 
wall is freely penetrated by most molecules except very 
large ones. Substrate molecules of the size of 5-carbon 
sugars or smaller can pass through this membrane by normal 
diffusion from the medium surrounding the cell, but for larger 
molecules the passage is controlled by an active transport 
mechanism. Once in the cell, the substrate molecules begin 
a series of enzyme, catalyzed reactions that result in their 
either being converted into waste products or more cell 
protoplasm as schematically illustrated In Figure 1. 
In order to synthesize cell protoplasm, which is an 
endothermic process, energy is provided by high energy 
phosphate bonds such as those of adenosine tri-phosphate 
(ATP). These bonds are usually formed during the degradation 
of a carbohydrate such as glucose through a sequence of 
reactions called the metabolic pathway. Figure 2 shows the 
well-known Embden-Meyerhof-Pamas (EMP) pathway where one 
molecule of glucose is converted into two molecules of 
lactic acid and two high energy phosphate bonds are formed 
(23). Other pathways have been studied for the metabolism 
of other substances and for the biosynthesis of cellular 
parts (21). 
>/hen the cell reaches a certain size, tne ceil divides 
Figure 2. Embden-Meyerhof-Parnas (EMP) pathway for metabo­
lism of glucose (23). 
Reaction Enzyme 
1 Hexokinase 
2 Glucose 6-phosphatase 
3 Phosphohexose isomerase 
4 Phosphofrue tokinase 
5 Diphosphofructose phosphatase 
6 Aldolase 
7 Phosphotriase isomerase 
8 Phosphoglyceraldehyde dehydrogenase 
9 Phosphoglyceric acid kinase 
10 Phosphoglyceromutase 
11 Enolase 
12 Pyruvic acid kinase 
13 Lactic acid dehydrogenase 
ADP - Adenosine,diphosphate 
ATP - Adenosine triphosphate 
DPNH - Diphosphopyridine nucleotide 
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Glucose 
Glyceraldehyde 
3-phosphate 
ATP - ADP 
Glucose 6-phosphate 
3 
Fructose 6-phosphate 
5 ATP - ADP 
Fructose 1, 6-diphosphate 
6| 
^ Dihydroxyacetone 
•N® + PO" 3 DPN'"' DPNH 
phosphate 
1, 3-Dlphosphoglycerlc acid 
9 i I ADP ATP 
3-Phosphoglyceric acid 
10 
2-Phosphoglyceric acid 
11 
3-Phosphopyruvic acid 
12 I I ADP - ATP 
Pyruvic acid 
13 DPNH - DPN^ 
Lactic acid 
10 
Into two equally sized daughter cells, each identical to their 
mother in cellular constitution, except in the rare instances 
where a mutation occurs and the generic code is altered. The 
mechanism triggering the cell division is not well understood 
and is the subject of much investigation by biochemists. 
In order to maintain growth, certain nutritional needs 
must be met by the culture medium. The essential nutritional 
requirements for bacteria include a fermentable carbon 
source, such as glucose, and a nitrogen source which for some 
bacteria can be as simple as ammonium salts, while for others 
a complex amino acid supplement is required. Also, all 
bacteria need certain inorganic ions and some require addi­
tional organic growth factors. In addition to essential 
growth factors, there are many organic substances which when 
added to the medium substantially speed up the growth rate. 
These stimulatory growth factors include a number of amino 
acids, purines, pyrimidines, and the B-vitamins. Yeast 
extract and meat broth are excellent natural sources of 
many of these substances and when added to a culture medium, 
they sometimes greatly accelerate growth. 
Prom a molecular point of view the rate of growth of 
bacteria is governed by essentially two processes. The first 
is the rate of transport of molecules into and through the 
interior of the cell. The second is the reaction time 
required to convert them into the necessary products. 
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The general pattern of bacterial growth in a batch 
culture is shown in Figure 3. represents either the total 
bacterial mass as indicated by the solid line or the viable 
mass as indicated by the dashed line. When a fresh inoculum 
is put into a medium, there is an initial lag phase where no 
growth occurs as the enzyme systems of the cells are appar­
ently adjusting to the new environment. Then, a period of 
vigorous growth and reproduction follows which is sometimes 
referred to as the exponential phase. Next growth tapers off 
and the bacterial mass and cell population reach a plateau 
called the stationary phase when either the food supply be­
comes exhausted or toxic products inhibit further growth. 
Finally the viable population starts to decline due to death, 
while the total bacterial mass remains constant. 
Fermentations have been classified by Gaden (24) in 
three general categories by examination of their batch growth 
cycles as shown in Figure 4. Type I is typified by the 
alcohol and lactic acid fermentations where the biomass, 
substrate utilization and product formation follow very 
closely. In Type II the product formation lags well behind 
the cell population and substrate utilization as the fermenta­
tion takes place in two steps. In Type III there does not 
appear to be any set pattern except that the product pro­
duction may become more significant during the death phase 
as in the case or tne penicillin fermentation. Mobl, of LIjc 
12 
Total bacterial density 
Y 
t Viable population t> 
o 
Slope = k 
Time -> 
Growth phases* 
1 - 2  L a g  k  *  S p e c i f i c  growth rate 
2 - 3  A c c e l e r a t i o n  L  =  L a g  t i m e  
2 : ^ teSuL Y . overall yield 
5 - 6  S t a t i o n a r y  
6 - 7  D e c l i n e  o r  d e a t h  
Figure 3. Growth curve of a typical 
batch culture 
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Type I 
Alcohol 
fermentation 
Type II 
Citric acid 
fermentation 
Type III 
Penicillin 
fermentation 
Time 
Growth of organism 
Formation of product 
Utilization of sugar 
Figure 4. Classification of fermentations (24) 
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mathematical kinetic raoc3ls that have been proposed in the 
literature and to be discussed in the next section are 
applicable only for Type I fermentation systems. 
B. Mathematical Models for Bacterial Growth 
The application of kinetic models to ordinary chemical 
reactions has long been regarded as being very important in 
the design and process control of chemical reactions. How­
ever, the development and application of fermentation kinetics 
has been somewhat slower as a result of the complexity of the 
process. Nevertheless, a study of the fermentation rates can 
be very useful for design of both continuous and batch systems 
(25) and during the last decade a number of models have been 
proposed for bacterial growth. 
Dean and Hlnshelwood (22) review the various modes of 
kinetic behavior of bacterial growth that have been reported 
and some of the relationships that describe them. Tsuchiya 
et al. (26) summarize a number of the models of microbial 
growth that have been proposed and are useful for engineering 
purposes. 
Following the proposed scheme of Tsuchiya ejb aJ. (26) as 
modified by Eakman (27), the various dynamic growth models 
can be classified by the outline shown in Figure 5. The 
first distinction is made between those models that account 
for Interactions between the bacteria cell and the environ­
ment and those models that do not. Models that neglect this 
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I. Accounts for environmental interactions 
A. Segregated (cells distinguishable) 
1. Structured 
a. Stochastic - Eakman 
b. Deterministic - Perret 
2. Unstructured 
a. Stochastic - Predrickson and Tsuchiya 
b. Deterministic 
B. Distributed (protoplasm distributed uniformly) 
1. Structured 
a. Stochastic 
b. Deterministic - Ramkrishna et • 
Sv/anson ejb âT. 
Kono 
2. Unstructured 
a. Stochastic 
b. Deterministic - Monod 
Teissier 
Hinshelwood 
Ramkrishna et a^ . 
II. Ignores environmental interactions 
A. Segregated (cells distinguishable) 
1. Structured 
a. Stochastic 
b. Deterministic 
2. Unstructured 
a. Stochastic 
b. Deterministic - Exponential population 
increase 
B. Distributed (protoplasm distributed uniformly) 
1, Structured 
a. Stochastic 
b. Deterministic 
2. Unstructured 
a. Stochastic 
b. Deterministic - Logistic models 
Exponential mass increase 
Figure 5. Classification of mathematical models for bacterial 
growth (27) 
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interaction are unrealistic, as indicated in the discussion 
of the previous section. A second division is made between 
segregated models which are based on individual cells and 
distributed models which consider the entire active biomass 
of the culture. Thirdly, the models can be structured or 
unstructured. In the case of structured models the biomass 
is subdivided into various cellular parts such as lipids, 
nucleic acids, protein, etc. which interact along known 
metabolic pathways. Unstructured models consider the biomass 
as a single entity. Finally, the models may be treated by 
stochastic methods which consider a distribution of growth 
characteristics in the culture or by deterministic methods 
which regard the biomass to have constant properties. 
1. Curve fitting models 
In representing the growth cycle mathematically, several 
approaches can be taken. Pitting the data to a polynomial 
expansion is one method used. 
= aQ + a-j^ t + agt + ... + a^ t ( 1 ) 
is the active biomass, t is time and the a^'s are poly­
nomial coefficients. This equation has certain advantages 
due to ease of curve fitting, but as pointed out by Edwards 
and Wilke (28), the fitted parameters have no physical 
^ ^ S «te M X- J ^ ^ X» ^ ^ J ^  ^ ^ X- ^  û-L^Al J.X -LUCWIUC dliu JL V UVCU iiO U CVWiU. WU. u o uOr u j , 
They propose a logistic equation of the form. 
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C 
vmax 
V 1 + exp [F(t)] 
(3) 
where 0^^^% Is the value of in the stationary phase. 
They show that such an equation is most useful in fitting 
batch fermentation data and for use in either integration or 
differentiation of such curves. 
The dynamic logistics model given by Equation 4 is also 
used in describing bacterial growth. 
where is the maximum specific growth rate. Gaden (29) 
employed this expression in mathematically representing the 
growth rate in a kinetic study of the conversion of glucose 
to 2-ketoglutonic acid by Pseudomonas. The integration of 
Equation 4 produces a S-shaped curve which is characteristic 
of batch cultures. 
2. Unstructured models 
The basic equation for bacterial growth is given by 
Equation 5, 
C V 
dt Vv (1 " c 
vmax 
(4) 
^ = k(t)C, (5) 
where k{t) is the specific growth rate and is a function of 
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the system's environment, which is changing with time. 
For the case where k{t) is constant. Equation 5 can be 
integrated to give the exponential growth law, 
Cy = exp(kt) (6) 
where is the initial biomass concentration. A plot of 
ln(Cy/CyQ) versus t is a straight line of slope k. However, 
the specific growth rate, k(t), is usually constant during 
only a short portion of the growth cycle and is a function 
of substrate concentration, toxic product concentration and 
intracellular constitution. 
For the case where the exhaustion of a single essential 
substrate limits growth, Monod (30) applied the Michaelis-
Menton model of enzyme kinetics to bacterial growth. 
^ (T) 
C„ is the limiting substrate concentration and K is the 
concentration of limiting substrate when the specific 
growth rate is kjj/2. The solution of Equation 7 is discussed 
by Northam (31) for both batch and continuous fermentation. 
Moser (32) modified the specific growth rate term of 
the Monod equation to give a more general hyperbolic 
function, 
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where x is a constant. When % equals one. Equation 8 reduces 
to the Monod equation. Teissier fSchulze, 33) expressed the 
growth rate term as an exponential function to give a dif­
ferent form for the growth rate when a single nutrient is 
limiting 
where in this case is just a constant. 
In cases where the products of fermentation are observed 
to retard growth (34, 35), Equation 10 has been proposed by 
Hinshelwood (36), 
where Cp is the concentration of some growth limiting product 
and Y is a constant. 
The rate equations that are most commonly used for 
substrate utilization or product production are (9, 37, 38, 
dT = km [1 - exp(-CsAs)] (9) 
(10) 
39) 
dCj _1 dCy 
dt - Y dF" (11) 
aci 
dt~ (12) 
ùCi dù„ 
ÎT " " ar + s Cy (13) 
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ciCj_ 
dt ~ CyCg (l4) 
where Cj^ is the concentration of either the substrate or 
product and Y, a, 8 and n are constants. Y is sometimes 
referred to as the yield coefficient. 
The solution of an appropriate combination of the above 
equations results in a batch growth curve of the type shown 
in Case A of Figure 6. Initially there is an exponential 
phase followed by deceleration and stationary phases. Such 
a system of equations has been used by Koga e^ (40) to 
stimulate the conversion of glucose to gluconic acid, with 
a lactone intermediate, by Pseudomonas ovalis. Other examples 
of applications of these equations are a kinetic study of 
the alcoholic fermentation of grape juice by Holzberg £t aj. 
(41), simulation of neomycin fermentation by Chen ^  al. 
(42) and a kinetic study of methane fermentation by Lawrence 
and McCarty (43). 
In many cases, the bacterial culture may consist of 
two phases, either as gas-liquid in the case of aerobic 
bacteria or as liquid-liquid in the case of hydrocarbon 
fermentation. Because of the relative insolubility of either 
hydrocarbons or oxygen in the continuous water phase which 
contains the bacteria, the mass transfer of nutrients to 
the culture medium may limit the rate of growth. In such 
cases mass transfer relationships are used along with 
21 
Case A 
> 
o 
Case B 
> 
o 
to 
o 
H 
Case C 
> 
o 
to 
o 
H 
Time 
Figure 6. Batch growth curves predicted from 
mathematical models 
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appropriate growth rate expressions to predict the growth 
rate (44, 45). 
Ramkrishna ejt aJ. (46) has proposed a series of models 
where the accumulation of toxic materials is taken into 
account by considering the biological reactions, 
V + agS - 2V + a^T (15) 
V  +  T -  N  +  ( l +  a ^ ^ ) T  ( 1 6 )  
where V = active biomass, S = substrate, T = inhibitor and 
N = dead protoplasmic mass. The quantities ag, a^, and a^^ 
are stoichiometric constants. The Monod equation is used 
for Reaction 15, and the interaction between the biomass 
and inhibitor is taken to be a second order process. The 
differential equations for batch growth are given by. 
dC,, 
df = irtt 
? • - eft/. 
dC^ a.k C 
3r = ift 'v - Vu't'v 
where k^ is the rate constant for the deactivation or death 
process. ThroA separate effects can be demonstrated by 
making a^.^ positive, zero or negative. The stationary phase 
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for the last two cases was very short as decline starts as 
soon as the growth reached a maximum. However, the first 
case with a^^ positive exhibited all phases of the growth 
cycle except the lag phase as illustrated in Case B of 
Figure 6. 
3. Structured models 
To account for the lag phase, Ramkrishna et. has 
proposed a set of structured, distributed models. The active 
biomass is considered to be made up of two components with 
growth being regarded as the interaction between them and 
the environment. In the proposed model, one component called 
G-mass refers to the nucleic acids and while the D-mass refers 
to the rest of the active biomass. The reactions representing 
growth for one of these models are written as, 
G + agS + D -» 2G + D (20) 
G + a S + D -» 2D + G + a^T (21) 
3  Z ^ 
G + T - N ( j  +  ( 1 +  a t i ) T  ( 2 2 )  
D + T Nj5 (23) 
where Nq = inactive G-mass and % = inactive D-mass. In 
order to represent the rates of synthesis of G and D-masses 
denoted by Rq and Rp by a kinetic expression, a double 
substrate Monod equation is used. 
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G - (K3 + CJ(K(. + Cg) (24) 
« = ,35) 
^ (K; + C,)(K^ + Cq) 
where and k' are maximum specific rate constants and K', 111 m s 
Kg, Kq  and Kq  are Michaelis-Menton constants. 
The differential equations representing this process are 
given as, 
dCfj 
dT - "G - ^dl^G^t = Rc - k.iC^C, (26) 
= Rn - kjoC^ C. (27) 
dCjj 
dt " -^D " "d2^D^t 
dC 
s 
dt ~ "S^G " ^ s^ (28) 
= AfRn + k.ia.iC^C^ (29) dt t"D ^ dl tl G t 
where k,, and k,„ are rate constants for the deactivation dl d2 
process. Equations 26, 27, 28 and 29 are solved on the 
digital computer to show that the model represented all 
phases of the growth cycle as shown in Case 6c. In addi­
tion it is shown that the calculated fraction of G-mass 
varied in tne same fashion as that observed experimentally 
for nucleic acids. 
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Using dynamic programming techniques, Swanson e_t 
(4?) consider bacterial growth as an optimal process so 
that the amount of biomass produced is maximized based on 
the initial amount of some growth limiting substrate. The 
growth rate is controlled by the amount of some intermediate 
produced by the organism which is indicated by experimental 
findings to be ribonucleic acid (RNA). The resulting 
description fits all phases of the batch growth cycle, 
Kono (48) has introduced the concepts of critical con­
centration and coefficient of consumption activity to develop 
a growth rate equation which corresponds to all phases of the 
batch culture, except the death phase. His model reduces to 
a set of four equations, each representing one phase of the 
growth cycle. 
Lag: ^ = 0 (30) 
Acceleration:^ = kjï(t,c^)c^ < C^, (31) 
dC 
Exponential: ^ _ kCy C„. < C„ < C„„ (32) dt ^ V; v vc 
dC. 
Deceleration: _ = k (C^^^ - C^) < 0^^^ (33) 
CyQ is the bacterial density of the Induction phase, is 
the density at the beginning of the exponential phase and 
Cyg is the critical bacterial density. t,Cy) is the 
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coefficient of consumption activity and varies during the 
acceleration phase between zero (Induction phase) and one 
(exponential phase). Using this model, Kono obtains 
excellent fits for a number of batch fermentation data. An 
extension of this model is made to Include a set of equations 
for product formation (49). 
Another approach is that of Perret (50, 51) who compares 
bacterial growth to an expanding chemical reacting system as 
shown in Figure 7. Substrates M, A, J enter the system and 
go through a series of reversible first order reactions to 
form a substance Z which Is part of the system and products 
Q and F. In a constant environment, the expanding system 
tends asympotlcally towards a state in which both mass and 
volume increase at an unchanging exponential rate as observed 
during the balanced growth of bacteria cells. The major 
drawback of applying such an approach Is the experimental 
difficulty of measuring reaction kinetics in a bacteria 
cell, although some progress has been made in this area 
(52). Grainger aJ. (53) have devised a chemical model to 
verify Ferret's theoretical predictions of the behavior of 
an expanding system. 
4. Stochastic models 
Stochastic models are used where the population density 
±z sufficiently small so that randorn fluctuation^ »,t the 
cellular level begin to produce measurable variation at the 
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Figure 7» Ferret's kinetic model of the 
bacteria cell (50,51) 
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population level (27). However, for high population densi­
ties (greater than 10^ cells/ml), as encountered in most 
industrial fermentations, this randomness at the cellular 
level can be expected to level out and a deterministic 
description is adequate. There are certain cases, as 
Eakman (27) points out, where a stochastic model is desirable, 
such as for a continuous fermentor operating close to the 
washout holding time or at a very large holding time where 
the population density is low and for dilute populations of 
microorganisms in lakes, rivers and oceans. 
Stochastic models have been proposed in the literature 
that are concerned with distributions in bacterial cultures 
either on a cell age basis (54) or a cell mass basis (27). 
C. Continuous Fermentation 
In general, continuous fermentation refers to any 
culture device where fresh nutrient is fed in and micro­
organisms, metabolic products and spent medium are drawn out. 
However, in this study continuous fermentation is considered 
only for the case of the continuous stirred tank fermentor 
(CSTP) where the composition in the fermentor is uniform 
throughout and is the same as the output stream. For 
laboratory-sized equipment, the CSTP is often called a 
chemostat or a bactogen. If the feed rate to such a device 
is controlled to maintain a constant turbidity as determined 
by some light-photocell arrangement, it is referred to as a 
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turbldostat. 
Although the principle of continuous fermentation has 
been known and applied to both Industrial and laboratory 
fermentations for many years, Monod (55) and Novlck and 
Szilard (56) are the first to establish a mathematical rela­
tionship describing the process. They provide the foundations 
for the theory of the CSTF which has been developed further 
by many others. 
Malek and Pencl (57), Piechter and Ettlinger (58), Hough 
and Wase (59), Herbert (60), Moser (32, 61) and Golle (62) 
discuss many of the applications and techniques, both theo­
retical and experimental. However, there has been only 
limited acceptance of the continuous process in the fermenta­
tion industry due to certain technical problems that have yet 
to be solved. First, there is a much greater chance for con­
tamination in a continuous process by unwanted organisms that 
might outgrow the desired bacteria or destroy the product. 
Second, a vigorous growing mutant may develop in the broth, 
giving decreasing product yields. Third, there is a lack of 
knowledge of the process dynamics and response to operating 
variables. Finally, as in many Industrial processes, there 
exists a general reluctance to transfer over from the proven 
batch process to the initially expensive and unproven con­
tinuous process. 
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1. General design equation for CSTF 
For a CSTF a material balance yields the following 
design equation. 
dCi ^ , dCj 
iT = + ST'g (34) 
where ^^1) refers to the production or utilization of 
dT^G 
component 1 due to growth, D is the dilution rate, Cj^ is the 
concentration of 1 in the fermentor and is its concentra­
tion in the feed stream. The mean residence time 0 is related 
to the dilution rate by, 
6 = 1/D (35) 
The usefulness of the chemostat in studying bacterial growth 
can be seen by considering the steady state case of Equation 
34, 
dôi ~ 
dt~^G " (36) 
where the superscript ~ is used to denote the steady state 
values. From this equation it can be seen that the growth 
rate, substrate utilization and product formation rate can 
be determined in conditions of constant environment in the 
CSTF from measured values of D, and C^f. 
If represents the oiomass concentration and there are 
no viable bacteria in the feed stream, then Equation 36 
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reduces to k(t) = D using Equation 5. At steady state the 
CSTP adjusts its conditions automatically so that the specific 
growth rate k(t) is equal to the dilution rate. If D is 
increased to a value that k(t) cannot physiologically adjust 
to, then a condition known as washout occurs as the bacteria 
leave the fermentor at a rate faster than they can reproduce. 
2. Steady state behavior and prediction 
With the use of Equation 36 in conjunction with appro­
priate kinetic relationships given in the previous section, 
the steady behavior of the CSTP can be predicted provided 
the value of the parameters are known. Using either dif­
ferential or integral graphical techniques (63), the values 
of the parameters in these relationships can be determined 
from batch fermentation data. 
To illustrate the steady state behavior of a CSTF, a 
model is considered here that assumes that the growth is 
limited by a single substrate so that Equation 7 is applicable 
and that the rate of substrate utilization is given by 
Equation 11. The steady state equations become, 
Ov = D Cy (37) 
Kg+ Cg 
1 e-^  = D(C3f - sr.) (38) 
K(5 + Co 
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Equations 36 and 37 can be solved for and Cg to get, 
4 = - O3) (39) 
(^0) 
The rate of blomass production per unit volume, W, Is given 
by, 
w = DC^ (41) 
Using Equations 39 and 40, Herbert e^ al. (37) are able to 
predict the behavior of Aerobacter aerogeres in a CSTF from 
batch data. 
By defining the dimensionless variables, C^ = C^/YK^, 
Cg = Cg/Kg, w' = Cy/tYKg and r' = %/D. Equations 
38, 39 and 40 can be put in dimensionless forms. 
Gv = (43) 
w' = ô>' (W) 
In Figure 8 Equations 42, 43 and 44 are plotted as 
functions of the dimensionless holding time r' with a 
I 
dimensionless feed concentration of = 50. As can be 
seen, Uic output of the fermenter reaches a naxlîrînm B ' = 
1.14, then decreases at higher holding times. Washout occurs 
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Figure 8. Steady state operation of a CSTF as 
a function of the dlmenslonless 
residence time H* for systems described 
by Equations 38, 39 and 40 
®sf = 50.0 
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at r' = 1.02. The dimenslonless biomass concentration in­
creases quickly then levels out to a value of 50. The dimen­
slonless substrate concentration quickly drops off to zero 
with longer holding times. For a system that obeys the 
assumed kinetics. Figure 8 can serve as a general design 
chart similar to those prepared for simple chemical reactor 
systems (63). 
The steady state behavior shown in Figure 8, resembles 
the observed behavior in situations where a single substrate 
is limiting growth except for the case of long residence 
times. At low dilution rates the biomass concentration is 
observed to drop off (57, 64) due to formation of growth 
inhibitors and death. Such behavior is predicted by the 
models of Eakman (27) and Rarakrishna e^ (46). In addi­
tion, Mor and Fiechter (64) report that the substrate concen­
tration increases slightly in studies of the continuous 
cultivation of Saccharomyces cerevisiae on ethanol. In the 
same study they found that the yield coefficient actually 
is not constant and is a function of the dilution rate as 
reported by others (65). Such behavior is predicted by 
Ramkrishna e^ al. (46). Also Mor and Fiechter (64) show 
that the average cell size decreases with increasing resi­
dence time as might be expected from the observations of 
batch cultures. 
The above technique has been frequently employed in 
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determining the steady state behavior of a CSTF from batch 
data using appropriate kinetic expressions. Holzberg £t a^. 
(4l) and Alba £t (66) have developed separate kinetic 
relationships for the alcohol fermentation and correctly 
predicted the continuous behavior. Using this technique, 
Schulze (33) has developed a model for the activated sludge 
process. 
A graphical method of determining the steady state 
behavior of a CSTF has been developed by Luedeking (9, 67) in 
his work with L. delbrueckii. As shown in Figure 9, he plots 
dC 
the growth rate, _versus the bacterial density as deter­
mined from batch data. The steady state material balance 
for the biomass shows that the rate of biomass production is 
proportional to the bacterial density. 
This proportionality constant is the dilution rate D and 
defines a operating line in Figure 9 of slope D which passes 
through the origin. The intersection of the operating line 
with the curve determines the steady state bacterial density. 
Conversely, for a desired population level the holding time 
can be determined by measuring the slope of the line. 
This method requires that the composition of the feed 
stream be the same as une initial composition of tiie uaLcL 
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Figure 9. Luedeking's graphical method for 
predicting the steady state behavior 
of a CSTP from batch fermentation 
data (9»6?) 
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culture and that other environmental conditions such as pH 
and temperature are the same. Using this technique Luedeking 
has been able to successfully predict the performance of a 
CSTF at dilution rates near the washout condition. Kono and 
Asai (68) have used a similar technique in applying their 
growth models to predict the behavior of a CSTP. 
3. Multi-stage systems 
For specific fermentations, it is sometimes desirable to 
employ several CSTP's (60). Figure 10 illustrates several 
possible flow configurations that have been studied. Con­
secutive CSTP's as shown in Case A, are used in cases where 
the substrate is valuable and a high conversion is desired or 
when the fermentation proceeds in two or more steps so that 
it is desirable to maintain different conditions in each 
stage. For example, in continuous streptomycin fermentation 
Sikyta et aJ. (69) employ the first stage for multiplication 
of the inoculum and the second and third stages for product 
production. In the conversion of glucose to gluconic acid, 
the glucose is first converted by Pseudomenas to a lactone 
under optimal conditions in the first stage, then the environ­
ment of the second stage is adjusted to favor the hydrolysis 
of the lactone to gluconic acid. Finally, in the production 
of glutamic acid, growth of the bacteria is stimulated in 
the first stage by addition of biotin and then penicillin G 
is added to suppress growth and increase accumulation of the 
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Case A - Three consecutive CSTP's 
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Case B - Consecutive CSTP's with split feed 
Nutrient or 
bacteria recycle 
Peed-
Case C - Consecutive CSTP's with recycle 
Figure 10» Flow patterns for multiple CSTF systems 
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product in the second and third tanks (70). 
In some situations it is desirable to split the feed 
stream so that fresh nutrient is also added to the down­
stream CSTF as shown in Case B. Feedback of the product 
stream as shown In Case C has been applied for both recycle 
of microorganisms as in activated sludge processes or for 
recycle of nutrients (71, 72). 
Luedeking's graphical method for prediction of the CSTF 
from batch data has been extended (73) to the design of multi­
stage systems. Likewise, there have been several theoretical 
studies (9, 74, 75) based on material balances about each 
stage and known kinetic relationships to predict the behavior 
of these systems. However, most of these studies have not 
been applied to actual fermentations. 
4. Heterogeneous cultures and substrates 
Fermentations are by no means restricted to "pure" 
cultures as there are many processes dependent on "mixed" 
cultures. Dairy fermentation, alcoholic fermentation and 
biological waste treatment are among the most important of 
these mixed culture processes. Not only does each species 
have a direct role in the process, but their interaction 
with each other may have an important effect on the overall 
activity and regulation of the process. A summary of these 
ban been given by Bungay and Krieg (76). 
In studies of the steady state behavior of a CSTF using 
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mixed cultures, both oscillating and constant population levels 
(77, 78) have been observed. The oscillatory behavior results 
from dependent interaction between the two species of micro­
organisms (78). Some kinetic studies of mixed cultures in 
CSTF have been made by Alabastro (79) and Gaudy et al. (80). 
In many applications of fermentation, such as waste 
disposal, the feed medium may contain several substrates that 
are used for the same nutritional requirement. The bacteria 
may assimilate these substrates simultaneously or show a 
preference for one over the other as observed in diauxic 
growth (30). Fermentations of the latter type have been 
studied in the CSTP by several workers (8I, 82, 83). 
5. Transient behavior of a CSTP 
Although there have been many studies of the steady state 
properties of the CSTP, relatively few investigations have 
been made of the transient behavior. Using an incompletely 
buffered medium, Finn and Wilson (84) have observed a 
periodic cycling of the yeast population in a CSTF which was 
90° out of a phase with the pH fluctuations. Oscillatory 
behavior in the population level has also been observed by 
Mor and Piechter (85) following step changes in the dilution 
rates in the continuous cultivation of cerevisiae on 
ethanol. In addition, they report similar, but not as pro­
nounced, oscillations in the specific oxygen demand, specific 
carbon dioxide release and respiration quotient. The oscil-
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latlons became more pronounced at lower population levels and 
lower dilution rates, but they never extend for more than 
one or two cycles before completely damping out to a new 
steady state level. Gilley and Bungay (86) have observed 
similar oscillations when the concentrations of a non-growth 
limiting substrate was changed stepwise. 
A frequency response study of the effect of pH on the 
population level in a CSTP by Fuld ^  aj. (18) shows that 
for L. delbrueckii, the bacterial concentration changed in 
direct response to the sinusoidal change of pH. In a similar 
study Gilley and Bungay (8?) report the dynamic effects of 
dilution rate changes for cerevlsiae in terms of a Bode 
plot. 
Ryu and Mateles (88) showed that the response to step 
changes in temperature was overdamped for the growth of 
E. coli in a chemostat. Other studies of the transient 
effects in a CSTP have been reported by Luedeking (9, 6?), 
Harte and Webb (82) and Bogosavljevic ^  aJL. (89). 
The transient behavior has been studied theoretically 
using the unsteady state material balance and appropriate 
kinetic relationships. 'To illustrate the transient response 
of the CSTP, the kinetic relationships given by Equations 7 
and 11 are incorporated in Equation 34 and the two resulting 
equations are put in dimensionless forms. 
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âP' R Cg 
^ = =sf - o; (47) 
where t = Dt. An analog computer Is used to solve the above 
equations. Figure 11 shows the response for change from 
R' = 1.1 to r' = 1.5 with Cg'.-. = 50. Figure 12 shows the 
response for a change in Cgf from 50 to 75 with r' = 1.1. 
Using the model given by Equations 46 and 47, Koga and 
Humphrey (90) have examined the dynamics of the CSTF. For 
step changes they have observed overshoot in the bacterial 
and substrate concentration, but no oscillations were found. 
In extending the analysis to the case where growth inhibition 
has occurred due to product accumulation, Yano and Koga (91) 
have established the existence of an unstable steady state 
in addition to the washout state and a non-trivial stable 
state depending upon the initial value of the cell or sub­
strate concentration. 
Using the models they derived for the batch fermentations, 
Ramkrishna et al. (46) has derived the steady state contin­
uous operation and transient response of a CSTF. For both 
structured and unstructured models, a cycling of the viable 
population is observed following a transient step change in 
the system. Other mathematical studies of the unsteady state 
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behavior are given by Andrews (92) and Bogosavljevic e_t aJ. 
(89). 
D. Lactic Acid Bacteria 
Extensive research has been done on the physiology and 
nutritional requirements of lactic acid bacteria because of 
their commercial importance in lactic acid production and 
because of the important role they have in cheese production, 
brewing, winemaking and the pickle industry. Also, due to 
their rather fastidious nutritional requirements, they have 
gained much use in biological assays of certain vitamins and 
other growth factors. 
Much of the research findings on lactic acid bacteria 
has been reviewed elsewhere (93, 94, 95, 96, 97), but a 
summary of the pertinent work, particularly that relating 
to nutritional requirements, is given in this section. As a 
result of varying experimental conditions and techniques, a 
direct comparison of different studies is not always possible. 
For example, rate measurements may be reported in terms of 
either an overall rate, Instantaneous rate or specific 
rate. Because of their many similarities, work on lactic 
acid producing bacteria other than L. delbrueckii is also 
reported although the emphasis is placed on this species. 
1. Morphology 
L. delbrueckii is rod shaped with a diameter of .5 to 
.8 microns and grows from 2 to 9 microns in length (98). 
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They grow singly, but commonly occur attached in long chains. 
Because of this tendency for the cells to stick together, 
plate count studies of these bacteria are sometimes ambig­
uous as Luedeking (9) reported. Several species of lactic 
acid bacteria exhibit this behavior and in dilute suspensions 
they have a sheen-like appearance which is one means of 
readily detecting their presence in wine (99). 
2. Temperature effects 
L. delbrueckil is classified as a thermobacteria and has 
an optimum growth temperature between 45-50° C (98) depending 
on the strain. Their change in activity with temperature is 
similar to the behavior exhibited by most bacteria (96). At 
temperatures a few degrees above the optimum death occurs 
rapidly. For the first 5 to 8° C below the optimum tempera­
ture, the growth rate falls very slowly (97) and from there 
it follows an Arrhenlus behavior until 20° C which is the 
lower limit for noticeable growth (96). 
3. pH effects 
Since the main product of fermentation is lactic acid, 
the pH of a culture has to be regulated in order to maintain 
an adequate growth rate although these bacteria are capable 
of growing at much lower pH levels than non-acid producers. 
In most commercial batch operations the pH is maintained 
between 5.2 and 5.4 by having an excess of CaCOg in tne 
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fermenter. 
The work of Rogers and Whlttier (100) in 1928 and of 
Longsworth and Maclnnes (lOl) in 1935 demonstrates that both 
the rate of lactic acid formation and yield is affected by 
the level of pH control maintained during the fermentation. 
Since this early work, several studies (9, 12, 13, 15, 102) 
have been made showing the effect of pH control on both the 
batch and continuous fermentation of L. delbrueckii using 
automatic pH controlling equipment. Molini (103) has devised 
a method whereby the pH could be maintained within certain 
limits by buffering the medium with lactate salts. These 
studies show that the rate of lactic acid production and 
growth rate increased markedly from a pH of 4.0 to 6.0. At 
higher pH values, this rate dropped off sharply. For L. 
delbrueckii the upper limit for growth is about pH 7.0 
while the lower limit is 3.0 (96). 
4. Effect of medium composition 
The nutrient requirement for lactic acid bacteria is 
very complex compared to that of Escherichia coll and other 
organisms. Since lactic acid bacteria do not possess the 
ability to synthesize many of their required amino acids 
and vitamins from basic substrates, these substances must 
be supplied in the growth medium. In addition to having 
certain essential requirements, there are a number of sub­
stances that have been shown to stimulate the growth rate 
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of lactic acid bacteria. The components of the lactic acid 
bacteria media can be classified into four areas: l) Carbo­
hydrate source, 2) Lactic acid and its salts, 3) Organic 
nutrilites and 4) Inorganic ions. 
a. Carbohydrate source Lactic acid bacteria have 
been reported that can metabolize almost any non-toxic 
carbohydrate source (104). The more important carbohydrate 
sources for L. delbrueckii that have been reported include 
maltose, sucrose, glucose, levalose, galactose and dextrin 
(98). It has been reported to grow most vigorously in 
maltose, but the most common source for commercial lactic 
acid fermentation is glucose (105). 
The effect of glucose concentration on acid production 
rate has been reported by several workers. Rahn et. êi* (106) 
report that for Streptococcus lactis the total acid production 
rate of a batch culture was independent of glucose concentra­
tions above 0.2 percent, while Muedeking (11) reached the 
same conclusion for L. casei. For L. delbrueckii, Finn £t 
al. (12) reports that the total acid production rate was 
independent of the glucose concentration in the range of 5 to 
10 percent. Using the same organism, West (15) could achieve 
very constant total acid production rates for Initial glucose 
concentrations in the range of 1 to 10 percent with the rate 
dropping rapidly as the concentration dropped below 1 percent. 
Using a medium initially containing 5 percent glucose. 
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Luedeking (9) has observed that the total acid production 
rate was not constant during the fermentation of L. 
delbrueckil. On the other hand, the specific rate of acid 
production is constant down to about 3 percent glucose con­
centration before it starts to decrease. 
The overall yield of lactic acid produced by L. 
delbrueckil is reported to vary between 75 to 98 percent 
with the average being about 85 percent (9, 12, 15, 30, 39, 
102, 104). There is considerable disagreement on the effect 
of pH on the yield for these observations. Some data indi­
cates no effect while other results show a significant effect 
of pH on yield. 
b. Lactic acid inhibition Several workers have 
reported that the accumulation of lactic acid suppresses the 
fermentation rate (11, 15, 100, 103, 106, 107). Whether this 
suppression is caused by the unionized acid or the lactate 
ion has not been clearly demonstrated. The relation between 
the concentration of unionized acid and lactate ion is given 
by the equilibrium relationship, 
where is the dissociation constant for lactic acid in 
water (IO8, 109). 
Rogers and VJhittier (100) have reported t-bah 0 , 0 1 7  mniar 
unionized lactic acid completely stops the buffered fermenta-
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tion of lactose In milk by S. lactis, but in a synthetic 
media they found no correlation between the cessation of 
fermentation and unionized acid concentration. Others (11, 
10Ô) have shown that the unionized acid did not have any 
effect on the fermentation. Molini (103) has reported that 
for the fermentation of a buffered glucose-malt sprouts 
medium by L. delbrueckii the fermentation ceased when the 
unionized acid reached a level of about 15 grams/liter at a 
pH of 3.1. For the same fermentation. West (15) has shown 
that the rate of acid production was inhibited by the 
unionized acid when its concentration exceeded 1.4 grams/ 
liter at a pH of 5.5. 
Luedeking (9) using a medium containing 5 percent glucose 
and 3 percent yeast extract for the fermentation of L. 
delbrueckii does not report any effect of lactate ion or 
unionized acid on the rate of acid production. He is able 
to correlate the acid production rate with the growth rate 
using Equation 13. 
A recent study has been made by Friedmann (107) on the 
acid production rate in the same fermentation at pH 5.8 
using a dialysis technique developed by Krumphanzl, Dyr and Kobr 
(102) to remove the lactate ion. He reports that the lactate 
inhibition is zero at lactate concentrations below 10 grams/ 
liter, reaches a maximum at 20 grams/liter and is constant 
thereafter. He has proposed the following model to fit his 
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observations, 
dt 'max 
dt 
a (Cp) (49) 
max 
where 
a (Cp) = 0.8 
a (Cp) = 0 Cp < 10 gm/l 
Cp > 20 gm/l 
c. Organic nutrllltes The nutritional requirements 
of organic substances other than carbohydrates for L. 
delbrueckli is discussed extensively by Peters and Snell 
(110). They list alanine, threonine, tyrosine, valine, 
tryptophan, cystine, serine, aspartlc acid, arglnine, lysine, 
leucine, phenylalanine and histldine as essential amino acids 
for growth. This specific amino acid requirement for lactic 
acid bacteria has been observed by others in both cell pro­
duction (111, 112) and RNA synthesis (113). 
Essential vitamins are calcium pentothenate, nicotinic 
acid, riboflavin and pyridoxamine phosphate. Some other 
growth requirements are uracil, hypoxanthine, oleic acid 
and thymidine (110). 
Yeast extract, corn steep liquor and malt sprouts are 
common sources of these essential nuorlents. In addition, 
it has been found that these natural mediums contain stimu­
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latory substances that support increased rates of acid pro­
duction and cell growth over that achieved In a completely 
synthetic medium (11, ll4, 115, ll6, 117). 
The specific stimulatory substances in these natural 
mediums is not fully understood, but much work has been 
devoted to identifying compounds that do have stimulatory 
effects on growth and lactic acid formation. 
Peters and Snell (110) have shown that peptides of the 
essential amino acids produced a faster growth rate than the 
monomers. They also list isoleucine, methionine, glycine 
and proline as stimulatory amino acids. Biotin, folic acid 
and p-aminobenzoic acid are listed as stimulatory vitamins. 
Ikawa and O'Barr (ll4) conclude that the stimulatory 
substances in yeast extract and other active materials fall 
into two classes, degradation products of ribonucleic acids 
and peptides present in enzymatically digested proteins. 
Specifically, they list unidylic and cytidylic acid as 
showing much stimulatory activity. 
Shaposhnikov and KrasUnikova (ll8, 119) have shown that 
for L, delbrueckii growth and acid production rates were 
greatly stimulated by an addition of any one of a number of 
organic acids. Pyruvic, succinic and a-oxoglutarlc acids 
are most active. In the presence of pyruvic and especially 
glyceric acids, the yield of lactic acid increases with 
regard to the fermented sugar. They also have otoêr-Vcu 
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that L. delbrueckll can grow slightly in the absence of sugar 
provided the medium contained glycerol or fumaric acid 
together with pyruvic acid. 
The sterilization of the medium for lactic acid bacteria 
has a significant effect on its activity. Under certain con­
ditions stimulatory substances may be produced in the medium 
(117, 120). On the other hand, too long or harsh a steriliza­
tion may destroy some of the growth factors (10, 120). In 
order to obtain reliable results it is necessary to stand­
ardize the sterilization process used. In addition to 
stimulatory factors, a number of substances have been reported 
that are specifically inhibitory for lactic acid bacteria 
(110, 112, 121, 122, 123). These include glycyl-t-tryptophan, 
glutathione, nihydrin and tributylgermanium acetate. 
d. Inorganic ions A number of inorganic ions have 
been shown to be essential for the growth of lactic acid 
bacteria (ll4, 124, 125, 126, 12?). MacLeod and Snell (124) 
list the inorganic ions K"^, PO^" and Mg"^ as essential, 
while Pe"^, Ca"^ and Mn^^ are stimulatory, but non-essential. 
Sodium acetate is also required. Carbonate is listed by 
some workers as being necessary to carry out the fermentation. 
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III. EXPERIMENTAL EQUIPMENT AND PROCEDURES 
The techniques and equipment used in this work are 
similar to those used by other investigators who have studied 
the kinetics of acid-producing bacteria (9> 13, 15, lOl). A 
description of these techniques is presented in this chapter 
with the emphasis placed on those aspects which are unique 
to this work. 
A. Equipment 
The fermentations studies were carried out in two types 
of reactors: shaker flask culture and a pH controlled 
fermentor with mechanical stirrer. 
1. Shaker flask culture 
The shaker cultures consisted of a cotton plugged flask, 
either 250 ml or 1000 ml, which contains the growth medium 
and is agitated by a New Brunswick Gyrotory Shaker (Model 
GIO). Anaerobic conditions were maintained in the culture 
by enclosing the neck of the flask with a small polyethylene 
bag. The shaker is enclosed in a large box that is kept at 
constant temperature by circulation of the air past a thermo­
statically controlled on-off heater. 
The pH of these cultures was maintained at about 5.40 
by having an excess of powdered CaCO^ in the growth medium 
(105). For lactic acid bacteria 1-1/2 grams of CaCOg for 
each gram of glucose in the flask was sufficient to neutral­
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ize the acid that Is formed. 
2. pH controlled fermentor 
A diagram of the apparatus used for the pH controlled 
fermentation is shown in Figure 13. A seven liter New 
Brunswick Fermentor (Model F-07) was used with a New 
Brunswick Fermentor Drive Assembly (Series FS-300) which 
provides a temperature controlled water bath and variable 
speed agitator drive. The fermentor head, baffles and 
agitator are made of 316 stainless steel and are contained 
in a pyrex glass jar. The temperature of the fermentation 
was measured by a thermometer that is suspended in a thermo 
well that extends into the medium. The fermentor head con­
tains a number of inlet ports that were used for input of the 
feed medium and caustic. Those that were not used were sealed 
off with sterile plugs. 
The pH of the medium was measured with a pair of Leeds 
and Northrup heat-sterilizable electrodes which were suspended 
in the medium through two holes drilled in the top of the 
fermentor. The electrodes were connected to a Heathkit pH 
Recording Electrometer (Model EUW-301) which amphifies the 
signal and drives a recorder pen. This recorder was converted 
into a controller by attaching a microswitch near the pen so 
that at low pH values the switch is closed and a relay is 
êtctivaûed. This relay supplies 110 volts to an Emdeco Micro 
Plow Tubing Pump (Model No. 102-130) which pumps caustic 
Plgui-e 13. Diagram of fermentation system 
A Timer 
B Sample rotation motor 
C Carousel test tube rack 
D Refrigerator (5° C) 
E Photocell-light sensor 
F Relay 
G Siphon breaker 
H Solenoid valve (normally open) 
I Waste reservoir 
J pH recorder-controller 
K Caustic addition recorder 
L Relay 
M Caustic feed pump 
N Caustic reservoir 
0 Agitator shaft 
P Permentor 
Q pH electrodes 
R Quenching cooler 
S Media feed pump 
T Constant temperature water bath 
Inlet and outlet streams; 
1 To aspirator 
2 Tap water 
3 To drain 
EM 
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from a reservoir through tygon tubing to the fermentator to 
neutralize the acid formed. Using size 3a tubing (5/32 
10 X 7/32 00), this pumping rate was I.90 ml/minute. 
The microswitch also activated a relay which sent a 
one volt signal to a strip chart recorder that was run con­
tinuously at a chart speed of 2 mm/min. Therefore, when 
caustic was being added to the fermentor, the trace on the 
chart would show a hump Indicating at what time and how long 
the pump was on. Prom this record the rate of acid produc­
tion was deduced. The set point was adjusted by the zero 
setting of the recorder. 
Agitation of the system was accomplished by two paddle 
stirrers attached to the drive shaft, one located two Inches 
from the bottom and the other six inches below the upper 
liquid surface. The shaft was run at 300 rpm for all fermen­
tations, including both batch and continuous. 
Considerable difficulty was encountered in eliminating 
erratic behavior of the pH recorder due to spurious signals 
that were derived from the fermentor drive assembly and other 
sources. Various grounding schemes as recommended by West 
(15) and others (128) were tried but with little success. 
It was found that it was necessary to have the fermentor and 
medium completely electrically Insulted from their surround­
ings. This was accomplished by wrapping electrical tape 
around the upper portion of the bolts that hold down une 
fermentor head and using nuts made from plexiglas Instead of 
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iron wing nuts. In addition it was necessary to substitute 
the provide^ drive shaft with one fashioned from a piece of 
thick-walled vacuum tubing made rigid by a piece of wooden 
dowel inserted in its center. As long as the area around 
the plexiglas was kept dry, this setup was very effective 
in electrically insulating the electrodes from the surround­
ings. 
Also it was observed that any movement of the lead wire 
from the glass electrode caused a response by the recorder so 
it was necessary to locate this wire in a position where the 
opportunity to disturb it was minimal. The changing of 
agitator speed effected the set point of the controller, but 
since this speed was rarely changed this was not a problem. 
The recorder and the drive assembly were both connected to 
a water pipe in the building which acted as a common ground. 
Using this scheme, the noise level of the pH response was very 
low, amounting to less than - 0.01 pH units. The value of the 
set point of the controller was found by taking a sample from 
the fermentor and measuring it on a calibrated Beckman Ex­
panded Scale pH Meter (Model 76). The pH of this set point 
was checked periodically during a run by withdrawing a sample 
and measuring it on the Beckman meter. 
When this fermentor was operated continuously, a Cole-
Palmer "Masterflex" Variable Speed Tubing Pump (Model No. 
7020c) metered the feed medium from a cotton plugged, five 
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gallon solution bottle to the fermentor. The fermentor was 
maintained at constant volume by the overflow system shown 
in Figure 13. The flow rate was measured by collecting a 
volume of the feed over a timed period in a sterilized 
graduated cylinder. 
The overflow passed through a cold water heat exchanger 
which cooled the culture down to about 15° C and effectively 
quenched any further fermentation. The overflow was sucked 
through a normally open solenoid valve into a partially 
evacuated five gallon bottle. At timed intervals, this valve 
was closed and the overflow passed into a sampling tube kept 
in a refrigerated box maintained at 5° C. 
The tubes were mounted on a rotary rack so that up to 
30 samples could be taken before it was necessary to analyze 
and replace the filled tubes. The top portion of the test 
tube was located between a photocell and a light so that 
when the tube is empty the photocell is activated and closes 
the solenoid valve to the waste tank. The overflow then 
passed to the sample tubes. When the tube was filled to the 
level of the photocell, the solenoid valve was open and the 
overflow was redirected back to the waste bottle. A timer 
moved an empty sampling tube into place every 37-1/2 minutes. 
B. Nutrient Sources 
Thm carbohydrate source was A.C.S. Standard Grade 
anhydrous glucose. Yeast extract (DIFCO) was used to provide 
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the organic nutrilites. Inorganic salts were supplied in 
excess in the manner described by Gillies(10) and used by 
others (15, 103) in studies of L. delbrueckii. Using reagent 
grade chemicals stock solutions of the necessary salts were 
prepared as follows: 
Solution A: 
40 gm MgSO/i.THpG 
2 gm FeSO^.THlO 
2 gm MnSO^.HgO 
Distilled water to 200 ml 
Solution B; 
50 gm Sodium acetate 
Distilled water to 400 ml 
Solution C; 
50 gm NapHPOii 
Distilled water to 400 ml 
Solution D; 
50 gm (NH4)2HP04 
Distilled water to 400 ml 
Solutions A, B and D were stored in the refrigerator at 5° C 
to prevent deterioration and C was stored at room tempera­
ture. In making up a feed medium, 2.5 ml of A and 5 ml of 
B, C and D were used for each liter of feed solution. The 
salt solutions were mixed and sterilized separately from 
the main broth in order to avoid formation of a troublesome 
precipitate (9). Also it was necessary to add sufficient 
HCl to the salt mixture to lower the pH to prevent the 
precipitation of Mn(0H)2. After sterilization of the feed 
and salt solutions they were mixed whi3e still hot and the 
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pH of the solution was adjusted to that of the run being 
made by careful addition of strong caustic or acid. 
C. Organism and Culture Techniques 
The homofermentative organism Lactobacillus delbrueckii 
NRRL B-445, obtained from the Northern Utilization Research 
Branch, United States Department of Agriculture, Peoria, 
Illinois, was used exclusively in this study. 
Stock cultures were maintained on stabs in a medium 
composed of 1 percent glucose, 1 percent yeast extract, 2 
percent agar and two marble chips. The cultures were trans­
ferred frequently in order to maintain a satisfactory inven­
tory. After Incubating the stabs for 48 hours at 45° C, a 
sizable colony was established. Then the stabs were wrapped 
in polyethylene bags and stored in the refrigerator at 5° C 
for further use. During the early part of this investigation 
the culture was carried on slants, but growth was not nearly 
as vigorous. 
Cells from these stabs were transferred to shaker flasks 
and incubated for about l8 hours at 45° C for use as inoculums. 
The medium for the inoculating cultures consisted of 1 percent 
yeast extract, 1 percent glucose, inorganic salts and pow­
dered CaCO^. 
63 
D. Procedures 
1. Sterilization 
Sterilization of the feed medium was done in a New 
Brunswick vertical autoclave (Model No. AE-30) and a steam 
charged, Bramhall Deane horizontal autoclave (Type 3B). The 
conditions of the sterilization were observed to have an 
effect on the quality of the feed medium. If the steriliza­
tion temperature was too high or the time too long, the 
normally light brown medium was turned dark and the fermen­
tation rate in this medium was abnormally low. Apparently 
some of the constitutents of the yeast extract that are 
stimulatory to growth are heat sensitive (10). 
A standard procedure presented in Table 1 was developed 
for sterilization conditions so that the prepared medium 
would be fairly uniform from batch to batch. 
Table 1. Sterilization conditions 
Medium Procedure 
5 gallon feed tank Two hours in vertical autoclave 
7 liter fermentor One hour in vertical autoclave 
1 liter shaker flask One half hour in steam autoclave 
at 15 psig steam 
250 ml flasks, stabs 
and glassware 
Twenty minutes in horizontal auto­
clave at 15 psig steam 
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The feed lines were sterilized prior to use by passing 
a one percent solution of tetramethylammonium bromide through 
them, followed by a thorough flushing with a 50 percent 
ethanol-water solution. In the process of connecting and 
unconnecting feed lines from the fermentor, the area around 
the input ports was thoroughly swabbed with the ethanol 
solution. 
2. Sampling 
For the shaker flask cultures, samples were pipetted 
from the flask with sterile, cotton plugged 10 ml pipettes. 
After about eight hours it was not necessary to use sterile 
pipettes as the growth became quite vigorous and they were 
just rinsed in tap water. 
In the continuous fermentor, samples were collected 
automatically at 37-1/2 minute intervals in the manner 
described earlier. In addition, samples were withdrawn 
through the inoculation port with sterile pipettes to 
measure the pH and to check the assumption that negligible 
fermentation takes place after the culture flows out of the 
fermentor. 
3. Techniques in batch fermentations 
For the kinetic studies conducted in shaker flasks, the 
flasks were;placed on the shaker table in the constant 
temperature box and allowed to reach operating temperature 
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before they were Inoculated. The Inoculum for these runs 
was from a continuous culture of pH 4.60 and six hour 
residence time. This continuous culture provided a source 
of bacterial cells that were in constant physiological state 
from one day to the next. 
For batch kinetic studies conducted in the pH controlled 
fermentor, the culture was grown continuously under acidic 
conditions for a day prior to the start of the first batch 
run. The inoculum for this run was prepared by first stopping 
the feed and then pulling off all but about 500 ml of the 
culture. Fresh sterile media was then siphoned in to bring 
the initial fermentor volume to 5000 ml. After waiting about 
one-half hour to allow the broth to reach the temperature of 
the water bath, the first sample was taken. 
To start a continuous run the 7 liter fermentor was 
filled with 5 liters of medium. With the fermentor head and 
electrodes in place, it was sterilized in the vertical auto­
clave. After cooling down to the bath temperature, a shaker 
culture inoculum (500 ml) was added. The pH controller was 
adjusted to the desired set point and the fermentation pro­
ceeded until growth became vigorous. Then the feed pump was 
started and the overflow system was opened to commence the 
continuous fermentation. 
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E. Analytical Techniques 
The fermentation broth was analyzed for bacterial 
density, glucose concentration, pH and lactic acid. 
1. pH measurements 
The pH of the medium was measured on a Beckman Expanded 
Scale pH meter (Model 76) equipped with Beckman glass and 
reference electrodes. The electrodes were stored and stan­
dardized in a buffered solution of pH 6.86 (Beckman No. 
14268) which was replaced at regular intervals. 
2. Bacterial density 
It has been demonstrated that the bacterial density is 
proportional to the optical density of the culture, if the 
sample is diluted to the range where the Beer-Lambert law 
applies (129). The optical density (OD) is related to the 
transmission by the relationship, 
OD = log^^(To/T) (50) 
where T is the percent transmission of the sample and T^ is 
the transmission of the reference which was always distilled 
water. 
It was impractical to dilute each sample to the range 
where the Beer-Lambert Law applies so a correction factor 
was established that would compensate for such deviations. 
This factor was determined by mectburing Lhc optical density 
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for successive dilutions of a bacterial culture, as described 
in Appendix A. • For optical densities below 0.08, the Beer-
Lambert Law was observed to hold. At higher optical den­
sities the following function was found to apply. 
ODç, = (0D)exp[0.5745(0D - 0.08)] OD > 0.08 (51) 
where OIL is the corrected optical density of the sample. To 0 
find the bacterial density of the culture, C^, the number of 
dilutions, n, is multiplied by ODq and the optical density of 
the unfermented medium, ODg, is substracted from the product. 
= {n)(ODc) - ODg (52) 
The units of are given as units of optical density per 
milliliter (UOD/ml). 
The optical densities were measured on a Beckman DU 
Spectrophotometer (Model No. 2400) using light with a wave­
length of 6lOO A. The samples were contained in standard 
silica absorption cells (Beckman No. 75184). Before and 
after a measurement was made, the instrument calibration 
was set to 100 percent transmission using distilled water 
for a reference. 
3. Glucose determination 
Using the method of Shaffer and Somogyi (130, 131) and 
following the procedures outlined by Nelsh (132), glucose 
was determined on the basis of its ability under hot alka­
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line conditions to quantitatively reduce Cu"^ to Cu"^. The 
copper reagent used also contains a specific amount of 
iodate which is reduced to free iodine by addition of 
potassium iodide and acid after the mixture had cooled down. 
Immediately the Cu"^ is oxidized back to Cu"^ by the free 
iodine. The excess iodine formed is then titrated with 
thiosulfate solution using the iodine endpoint. Since there 
is a linear relationship between the amount of thiosulfate 
titrated and amount of glucose in the sample, a linear cali­
bration curve was established by analyzing several samples 
of known glucose concentration. 
4. Lactic acid determination 
a. Analytical method Using the method of Friedman 
and Graeser (133) as modified by Molini (103), the concentra­
tion of lactate ion in a sample was determined directly. 
This method involves the controlled oxidation of lactate ion 
into acetaldehyde under hot acidic conditions. The acetal-
dehyde is removed by distillation and bound as the bisulfite-
acetaldehyde complex. The excess bisulfite is removed by 
addition of an iodine solution. Following addition of sodium 
carbonate to make the solution basic, the bound bisulfite is 
liberated and titrated with a standard iodine solution. 
There is a linear relationship between the amount of iodine 
solution titrated and the amount of lactate ion in the sample 
so that a calibration line could be established by analyzing 
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several samples of known lactate concentration. A standard 
lactate solution was made using lithium lactate prepared 
by the technique given by Friedman and Graeser (133). 
Interfering glucose and proteinaceous matter was removed 
from the samples by copper hydroxide precipitation (IO3). 
The analyses were carried out on a distillation rack that 
was set up so that three oxidations could be carried out 
simultaneously. 
b. Caustic addition method An Indirect measurement 
of the rate of lactic acid production was made by following 
the rate of addition of caustic which was added to neutralize 
the lactic acid. Since lactic acid has a dissociation con­
stant of 1.309 X 10~^ at 45° C, it is not fully ionized at 
the lower pH levels used in the experiments so that the amount 
of acid formed is somewhat larger than the amount of hydrox­
ide added. 
The concentration, Cp, of all the lactate produced by 
the bacteria in a batch fermentation is the sum of the 
lactate ion and the unlonzed acid. 
The above equation is combined with the dissociation rela­
tionship given in Equation 48. 
Cp = [Lac"3 + [HLac] (53) 
C. (1 + 5, ) [Lac"] (54) 
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The lactate Ion concentration, [Lac"], Is equal to the total 
amount of caustic added, Tqj^ -, divided by the volume of the 
culture, V. Substituting the above in Equation $4 gives the 
concentration of lactate In terms of the amount of hydroxide 
added. 
^)(^) (56) 
At 45° C and pH 4.00, the factor, (l + ^ is I.765. At 
pH 6.00 it is 1.0076. 
Kd 
For continuous fermentation, the rate of lactic acid 
production, — ^, can be found in terms of the rate of 
hydroxide addition. 
(57) 
Prom a material balance at steady state, the concentration 
of the total lactate produced is, 
s = (#) ^  I33 (58) 
5. Caustic concentration 
The normality of the hydroxide-carbonate neutralizing 
solution, was determined by titrating it against accurately 
weighed samples of potassium acid phathlate using the 
pnenocnaiein endpoint (154). 
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IV. RESULTS AND DISCUSSION 
Three types of experiments were run to observe the 
effect of nutrient concentration, pH and residence time on 
the dynamics of cell production and lactic acid production. 
The first consisted of a series of batch cultures at dif­
ferent pH levels that were carried out in the 7 liter 
fermentor. The second set consisted of a series of shaker 
cultures carried out in 1000 ml flasks held at constant pH 
by excess calcium carbonate and tested the effect of yeast 
extract concentration on the rate of bacterial production. 
The third series consisted of a three dimensional, statis­
tical design to determine the effect of pH, residence time 
and feed concentration on the steady state continuous 
fermentation. The transient behavior on changes from one 
steady state to another was recorded and plotted. 
In this section the results from these three types of 
experiments are presented, compared to the work of other 
researchers and discussed in terms of mathematical models 
chosen to represent the observed behavior. A more detailed 
account of the experiments, calculations and results is 
given in the author's laboratory notebook (135). 
A. Batch Fermentations at Constant pH Levels 
Using the 7 liter fermentor described in the equipment 
section, batch runs were maae at pH's of 4.9^, 5.53, 5.05 and 
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6.35. The temperature for all runs was 44.8° C. The bacte­
rial density, glucose concentration and lactic acid concen­
tration were followed during the course of the fermentation. 
Samples of the media were analyzed at the beginning and the 
end of the fermentation for lactic acid by the method of 
Friedman and Graeser (133) and compared to that determined 
by the method of alkali addition. 
The inoculum was obtained from an overnight continuous 
culture by the method described earlier and varied in size 
from 300 to 600 ml with a concentration of about 1.30 UOD/ 
ml. After the fresh medium was added, the fermentation 
commenced with virtually no lag observed. 
Samples were withdrawn at approximately one-half hour 
intervals and immediately analyzed. Corrections had to be 
applied to the observed data in order to compensate for the 
effects of dilution of the media by the neutralizing solution 
and removal of nutrients during sampling. Using a procedure 
similar to that employed by Longsworth and Maclnnes (136), 
corrections were applied to the data so that they represent 
the case where no dilution or sampling effects are present. 
A Fortran computer program was written to make these correc­
tions, to compensate for Beer-Lambert law deviations, to 
make calculations for glucose determinations and to calculate 
the lactic acid concentrations from caustic addition data. 
This prû&râm is sliOwu In Appendix S, 
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The corrected data for the four runs is plotted In 
Figures l4 to 17 showing bacterial density, glucose concen­
tration and total lactate concentration versus time. This 
data is also tabulated in Appendix C. 
1. Bacterial and lactic acid yields 
In all the runs except at pH = 5.85, there was a small 
amount of residual sugar left at the end of the fermentation 
that was detected by the glucose analysis. This same phe­
nomena was observed by Luedeking (9) and Finn (137) in their 
studies of the fermentation of L. delbrueckii. The origin 
of this residual sugar analysis might be either due to the 
formation of some non-fermentable form of the sugar during 
either the fermentation or the sterilization, a product of 
the fermentation that possesses similar reducing capabilities, 
or some limiting concentration of glucose. The percentage 
of this residual sugar is compared to values interpolated 
from the data of Luedeking (9) and Finn (137) at different 
pH levels in Table 2. 
As shown in Table 3 the values obtained by the two 
techniques for measuring the concentration of lactic acid 
produced compare very closely. This tends to confirm the 
assumptions made in both of the methods of analysis. 
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Figure 14. Batch fermentation at pH 4.95 
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Figure 15, Batch fermentation at pH 5*33 
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Figure 16. Batch fermentation at pH $.8$ 
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Figure 17» Batch fermentation at pH 6.35 
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Table 2. Residual sugar analysis 
Percent of initial glucose concentration 
pH Present studies Luedeklng (9)& Finn (137)^ 
4.95 3.0 6.3 1.7 
5.33 1-5 4.0 1.5 
5.85 0.0 4.6 1.6 
6.35 3.1 
^Interpolated. 
Table 3- Concentration of lactic acid produced in batch 
fermentations 
Concentration of lactic acid (mg/ml) 
Run no. pH Analytical Caustic addition 
1 4.95 11.0 10.9 
2 5.33 16.1 14.2 
3 5.85 13.2 13.0 
4 6.35 15.3 14.7 
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The overall lactic acid yield, defined by, 
y _ Lactic acid produced (mg/ml) /cg\ 
P/S Glucose consumed (mg/ml) 
is compared with the values obtained by Luedeking (9) and 
Finn (137) in Table 4. From these studies the maximum 
yield appears to occur at a pH of about 5.8. While the 
findings of Luedeking (9) also show that the yield increases 
up to pH 5.85, Finn's results show the opposite behavior. 
Table 4. Lactic acid and bacterial yield 
P^/S P^/S P^/S V^/S p^/v 
This ^ ^ This This 
pH work Luedeking (9) Finn (137) work work 
4.95 0.74 0.83 0.91 0.22 3.29 
5.33 0.86 0.87 0.88 0.24 3.60 
5.85 0.90 0.90 0.87 0.25 3.58 
6.35 0.82 - - 0.17 4.79 
^'Interpolated. 
The overall bacterial yield, as defined in 
Equation 60 is listed in Table 4 and also appears to be a 
maximum at pH = 5.8. 
— _ Bacteria produced (UOP/ml) 
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In addition, Table 4 lists the ratio of the amount of lactic 
acid produced to the amount of bacteria formed, defined as 
YpyY in the following equation. 
y _ Lactic acid produced (mg/ml) 
Bacteria produced (UOD/ml) 
Luedeking (9) and Finn (137) calculated Yp/y over the pH 
range from 4.0 to 6.0 and found that it had a maximum at 
about pH 4.5, a minimum at pH 5.4 and then increased slightly 
a t  h i g h e r  p H  l e v e l s .  E x c e p t  f o r  t h e  v a l u e  o f  Y p p H  
4.95, the results of this study follow these observations 
and the numerical values agree well with those obtained by 
Luedeking (9). 
The Instantaneous yield of lactic acid, Ypy^(t), during 
the course of the fermentation is defined as, 
Yp/s(tl+i) = pi+1 ~ pi (62) 
^ si ^sl+l 
where 1 designates the sample number. Ypyg(t) is plotted 
for two of the fermentation runs in Figure 18. Its value 
varies in an oscillatory fashion over the course of the 
fermentation. At the beginning of the fermentation Ypyg(t) 
Is greater than one which implies that the cells are pro­
ducing more lactic acid than they are consuming sugar. A 
possible explanation for this behavior is that the blomass 
stores up the lactic acid in the cells and releases it in 
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Figure 18. Change In the Instantaneous lactic 
acid yield during the batch 
fermentation 
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surges or that the yeast extract contains several substances 
that can easily be converted to lactic acid by the bacteria. 
2. Regression analysis of growth curves 
For use later on in graphical differentiation of the 
growth curves, a modified form of the growth rate curve 
proposed by Edwards and Wllke (28) given by Equation 2 was 
developed and applied to the growth curves. In order to 
avoid the nonlinear regression that Edwards and Wllke (28) 
used In determining the coefficients. Equation 2 was 
rearranged and the constant M was substituted for 
ln(^ - l) = a.Q + a^t + agt^ + a^t^ + a^t^ + a^t^ 
(63) 
By arbitrary picking a value for M, the left-hand side of 
Equation 63 can be calculated as a function of time. Then, 
using a simple multiple, linear regression analysis, the 
coefficients a^, a^ were determined for each case. It 
was necessary to choose a value of M that was greater than 
the final value of In order to keep the argument of the 
natural logarithm from going negative. Choosing a value of 
M that was 20 percent higher than the largest value of 
was adequate for this purpose. A Fortran program for calcu­
lating the coefficients and plotting the calculated growth 
curve along with the observed data points is given in 
Appendix D. 
83 
Equation 63 is rewritten in the form below. 
C M (64) V 
1 + exp( T. a.t^ ) 
1=0 
Figure 19 is a typical plot comparing the calculated growth 
curve represented by Equation 64 with the data points. The 
regression coefficients for the four runs are listed in 
Table 5. 
3. Mathematical model 
In order to present a mathematical model of the system, 
it was necessary to develop rate equations for each of the 
components under consideration. In this analysis, the 
glucose concentration was assumed to represent all the 
nutrient components of the medium as it was the only one 
analyzed for. Although It is evident that some components 
of the yeast extract had some effect on the rate of fermenta­
tion, glucose was the controlling one in the sense that as 
soon as it is exhausted the fermentation stopped. Lactic 
acid represented the product formation. 
The fermentation was analyzed in terms of a general, 
irreversible biological reaction, 
v.'hers the bloniass, y, consiiirîeB «l'bstrat-e; to produce 
V + S - 2V + P (65) 
more V and some product, P. 
î 
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Flsrure 19, Fit of Equation 64 to batch fermentation data at pH = $.8$ 
Table 5. Regression coefficients for Equation 64 
Batch run M ag a^ ag a^ a^ a^ 
(10-1) (10-2) (10-2) (10-4) (10-6) 
1 6.00 1.585144 -11.86067 22.41344 - 2.341888 13.09441 - 30.09096 
2 6.00 2.257905 -14.35727 23.99507 - 2.177079 7.666303 5.048321 
3 6.00 2.446644 - 9.730651 - 2.757049 3.957697 - 53.79703 245.7430 
4 6.00 2.484661 - 4.028521 -27.91805 10.79585 -148.4509 716.9738 
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Six different rate equations, similar to those presented 
earlier, are ur:ed to represent the utilization or formation 
of components in Equation 65 and fitted against the observed 
data. Letting represent Cg or Cp, the rate expres­
sions are given by Equations 66 to 71. 
dCi dC 
dt" = %i + Pi^v (GG) 
dCi _ dCy 
dt «1 dF" 
dC 
(67) 
'1 _ 
dt 1 V 
8,C (68) 
dCj_ 
dt -
dC. dC 
8,C (69) 
uu
W = *1 
dCi Cg 
In Equation 71, and Cg are dlmensionless quantities 
K C 
defined as, k'. = and c' = 77^, where Cgo is the 
31 Cgo 3 ^so 
initial glucose concentration. The subscript, i, can refer 
to the blomass, v, glucose, s, or lactic acid, p. 
Since Equations 66, 67 and 70 contain a term of , 
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they are not applicable to the case of bacterial growth. 
Equation 67 expresses the rate of consumption or production 
as being proportional to the rate of bacterial growth. 
Equation 68 states that the rate is proportional to the 
bacterial density and for bacterial production this is the 
exponential growth law. Equation 69 assumes that the con­
sumption and production rate is proportional to the product 
of substrate concentration and bacterial density. Equation 
66 assumes that the rate is a combination of the processes 
given by Equations 67 and 68, while Equation 'JO is a similar 
combination for Equations 67 and 69. Equation 71 is Monod's 
growth equation for the case of bacterial production. 
Equations 66 to 71 could be compared to the batch data 
in their differential form. However, due to the large error 
Involved in graphically differentiating experimental data, 
it is advantageous to use an Integral method of analysis 
(63). The integrated rate expressions are shown in Equations 
72 to 77 with the terms rearranged so that a linear relation­
ship exists between the left-hand size and the right-hand side. 
(72) 
^i " ^ io ~ Gi(Cy - C q^) (73) 
c i C io Cydt (74) 
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=1 - Cio = Si (75) 
Cl dC: / ^ 
Cv - =vo - C„„) -
A Fortran computer program was written to carry out the 
Integral analysis of the batch data. The integration was 
carried out using the trapizoidal rule with values for C^, 
and C interpolated from Figures 14 to 17 at one-half 
S p 
hour intervals. Cg was corrected to zero for the final 
value by substraction of the residual sugar from all the 
values. Also the values of Cp were adjusted so that was 
zero. 
From this analysis of the data each of the proposed 
rate expressions was tested against the observed data. For 
substrate consumption, the best fit of the data was obtained 
using Equation 75. Figure 20 shows a plot of Cg - versus 
f^(C^C^)dt at different pH levels. The value of the slope 
o 
of the line, A^, was determined in a least squares sense with 
the restraint that it had to pass through the origin. As can 
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Figure 20. Graphical comparison of the rate of glucose utilization 
in batch fermentations with Equation 75 
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at about pH = 5.9. Examples of the plots obtained fcr the 
other rate expressions at pH = 5.33 are shown in Figure 22. 
For product accumulation, the best fit of the data was 
also obtained using Equation 75. Figure 23 shows a plot of 
versus r^C^C„dt at the different pH levels. The p pu ^ o s V 
slope, Rp, was measured with the restraint that it had to 
pass through the origin. As can be seen in Figure 21. 
changes with pH and like has a maximum at about pH 5.9-
Examples of the plots obtained for the other rate expressions 
at pH 5.33 are shown in Figure 24. 
For bacterial growth, the best fit of the data was 
obtained using Equation 77. Figure 25 shows a plot of 
z— versus at different pH levels. Using 
V " vo ^v " ^ vo 
k 
a least squares analysis, the value of the slope, , and 
1 KAv 
the intercept, , were determined. From the Monod model, 
^sv 
and k^ are positive parameters, but from measurements of 
the slopes and intercepts in Figure 25, they are negative. 
Equation 71 was then put in an equilvalent form. 
ac„ kvcj 
r (78) 
where K^.. and k„ assume the absolute value of that measured 
graphically. was always greater than one so that the 
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Figure 22. Graphical comparison of the rate of glucose utilization 
In batch fermentation at pH 5-33 with Equations 72, 74, 76 
and 77 
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Graphical comparison of the bacterial growth with Equation 77 
96 
denominator never becomes zero or negative. 
The values of and both have a maximum at pH 5.9, 
as shown In Figure 26. The behavior of flp, Bg with pH 
tends to confirm the qualitative findings of other workers 
[9, 13, 137) who noted a maximum In the acid production and 
bacterial growth activity of L. delbrueckll between pH 
5.7 and 6.0. Examples of the plots obtained for the other 
rate expressions tested for the bacterial growth at pH 5.33 
are shown In Figure 27. 
Using the parameters and expressions derived from the 
above analysis, a mathematical model of the batch fermenta­
tion was developed as summarized by the equations below. 
^ = kyCs (79) 
Ksv -
Ksv = Ksv=so (80) 
= (81)  dt " "os^s^v 
dCp 
dt ~ GpCs^v (82) 
The above runs were solved on a TR-48 analog computer for 
each batch run. A comparison of the simulated curves and 
the actual data is shown in Figures 28 to 31. The analog 
flowsheet and machine equations are presented in Appendix E. 
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B. Effect; of Yeast Extract Concentration 
on Batch Fermentation at pH 5.40 
To observe the effect of the initial yeast extract con­
centration on the fermentation rate, two series of experi­
ments were carried out in one liter shaker flasks maintained 
at pH 5.40 with excess powdered CaCO^. The shaker was 
enclosed in a constant temperature air bath that was regu­
lated at 43.4° C. 
In the first set of experiments, the medium consisted of 
2.0 percent glucose and yeast extract concentrations of 
0.2, 0.5, 1.0 and 2.0 percent. For the second set, the 
medium consisted of 1.0 percent glucose and yeast extract 
concentrations of 0.1, 0.2, 0.5 and 1.0 percent. In all 
cases the standard concentration of salt solution was added 
along with four grams of powdered calcium carbonate. Prior 
to inoculation the sterilized medium was placed in the con­
stant temperature box for two hours to allow them to reach 
the fermentation temperature. 
Fifty milliliters of a continuous culture run at pH 
4.60 was used to inoculate the flasks. Ten milliliter 
samples were taken at approximately one-half hour Intervals 
and analyzed for bacterial density. Before sampling, the 
shaker was turned off for about five minutes to allow most 
of the fine, but relatively dense calcium carbonate particles 
to RAhtle out. Following the dilution step the samples were 
again allowed to sit for several minutes so that any remaining 
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particles might settle out and not interfere with the turbid­
ity measurements. 
The initial samples were analyzed for glucose content 
and the final samples were analyzed to determine when all 
the glucose was consumed and the fermentation was complete. 
The turbidity measurements were corrected for deviations 
from the Beer-Lambert law as outlined previously. After the 
inoculation the volume of the cultures was about 500 milli­
ters . 
1. Growth curves and bacterial yields 
The growth curves for the two sets of experiments are 
plotted in a semi-log fashion in Figures 32 and 33. They 
show a marked decrease in the overall yield with decreasing 
amounts of yeast extract. In addition the growth curves 
show several exponential phases. A similar behavior, but 
not as pronounced, is shown in the growth curves plotted in 
Figures l4 to 17. 
Although the breaks occur at different times, the 
corresponding slopes of the curves for different levels of 
yeast extract concentration are approximately the same. The 
values of these slopes and estimated breakpoint times are 
listed in Table 6. This indicates that the components of 
the yeast extract have a strong influence on the rate of 
fermentation as well as effecting the overall yield. The 
overall bacterial yield, Yyyg, is listed in Table 7 for 
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Table 6. Slopes and breakpoint times for growth curves 
Run Slope^ 
a 
BTi Slopeg BTg Slope^ BT3 
(hr-1) (hr) (hr-1) (hr) (hr"l) (hr 
1% Glucose 
0.2% YE^ 0.57 2.0 0.36 4.5 0.16 10.4 
0.5$ YE 0.59 3.5 0.37 5.0 0.17 7.3 
1.0^ YE 0.66 4.2 0.29 6.5 - -
2.0^ YE 0.69 4.5 0.32 6.0 - -
2% Glucose 
0.4# YE 0.54 3.2 0.38 6.5 0.11 9.6 
l.Ofo YE 0.65 3.8 0.25 6.7 0.098 8.5 
2.C^ YE 0.77 4.0 0.33 6.8 0.094 8.3 
4.0# YE 0.85 4.0 0.36 6.2 - -
^Estimated breakpoint time. 
^Yeast extract. 
Table 7- Effect of initial yeast extract concentration on 
bacterial yields 
Overall bacterial yield, Yy/3 
1:5^ 1:2% 1:1& 2:1& 
1% glucose 0.23 0.31 0.35 0.43 
2% glucose 0.21 0.28 0.31 0.40 
^Ratio of yeast extract to glucose. 
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2. Proposed mathematical model and application 
In the literature, there are a number of examples where 
the slope of the exponential phase is observed to change one 
or more times before the final stationary phase is reached. 
The slope has been observed to increase or decrease, as shown 
in Figure 34. The explanation of this behavior has been that 
there i:: an accumulation or reduction of certain stimulatory 
components, which might be either enzymes, metabolites or 
certain nutrients and which exist either in the cell or the 
surrounding medium. 
A kinetic model is proposed which accounts for the 
effects on the growth rate by the appearance or disappearance 
of both stimulatory and essential substances. The effect of 
the essential components is represented by a product of 
Monod expressions similar to that used by Ramkrishna et al. 
(46). The effect of the stimulatory components on the 
specific growth rate is given by a sum of Monod-type expres­
sions. 
V 
dt + 
C Em 
(83) 
%m + ^ Em 
number of stimulatory comnnnents. 
m = the number of essencial components, 
Decreasing slope 
Time 
Increasing slope 
Time 
Figure 34. Examples of bacterial growth curves with multiple 
exponential phases 
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Cgi = the concentration of stimulatory component i, 
^E1 ~ concentration of essential component i, 
kg = the specific growth rate constant when no 
stimulatory components are in large excess, 
= growth constant particular to stimulatory 
component i, 
%i^%j = the concentration of or Cgj when they con­
tribute one-half of their maximum to the 
specific growth rate. 
It can be seen in Equation 83 that as the concentration 
of any one of the essential components goes to zero, growth 
is stopped. When the concentration of one of the stimulatory 
components becomes small compared to Kg^, there is a decrease 
in the slope of the exponential growth curve. On the other 
hand, when the concentration of Si becomes large compared to 
there is an increase in the slope of the growth curve. 
Several examples from the literature where Equation 83 
could be applicable are presented below: 
a. Slope increases Positive changes in the slope of 
bacterial growth curves have been observed in the adaptation 
to drugs, such as the adaptation of Aerobacter arogenes to 
sulphonamide (138), and to new sources of carbon, such as 
the adaptation of A. arogenes from glucose to glycerol (139) .  
In the case of drug adaptation it is assumed that there 
15 an expansion of the cnzyzic cyctcz necessary to manufaotijrA 
Ill 
an effective sulphonamlde antagonist (138). In the second 
case, the increase ir growth rate is due to adaptation of 
the cell's enzyme system to full utilization of the 
glycerol (139). 
In either case the growth rate is increased when the 
intercellular concentration of an enzyme or some critical 
component increases. When the number of stimulatory compo­
nents is one. Equation 83 can be written as given below. 
As the stimulatory component concentration increases, the 
specific growth rate increases until is much greater 
than When the essential component, El, is completely 
consumed or removed from the system, the growth rate goes 
to zero. The rate of increase of SI and the rate of decrease 
of El is determined by the kinetics of the system. 
b. Slope decreases Four distinct exponential phases 
of decreasing slope have been observed by Lwoff and Monod 
(140) in the batch growth of Escherichia coll in a synthetic 
medium under suboptimal partial pressures of carbon dioxide. 
They have attributed this decrease to successive exhaustion 
of several reserve metabolites in the cells. Assuming that 
exhaustion of some essential nutrient eventually limits 
growth. Equation 83 can be written in the following form, 
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^ = (k + ^iCsi ^ kgCgg ^ *3^33 
K31 + K32 + C32 Kg^ + Cg^ 
where Cg^, Cgg, Cg^ and Cgi^ are the concentrations of the 
reserve metabolites and Cg^ Is the concentration of the 
essential component. 
It can be seen in Equation 85 that as the concentration 
of the reserve metabolites goes to zero in a sequential 
fashion, the specific growth rate decreases in a stepwise 
manner. 
3. Mathematical simulation of multi-exponential growth curve 
Equation 83 can be applied to the growth curves shown 
in Figures 32 and 33 by assuming that the yeast extract con­
tains two components that are stimulatory to growth and that 
the glucose is essential to growth. Equation 83 for this 
case is, 
^S1 Si ^S2 S2 ^1 ^E1 
where Is the concentration of glucose and &rid Cgg 
are the concentrations of the stimulatory components of the 
yeast extract. 
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By choosing appropriate values of the constants and race 
expressions for the consumption of the various substrates. 
Equation 86 was solved on the analog computer. Equation 8l 
was used for the rate of glucose consumption. 
dCp. I 
= ~ ^El^El^v (Bf) 
For the rate of consumption of SI and 32 the following 
expressions were used. 
^ (88) 
(89) dt " 'S2Mt 
The constants kg, k^ and kg were determined from the 
measured slopes of the growth curves by solving the following 
set of simultaneous equations. 
k^ + k^ + k^ = Slope (90) 
k^ + ki = Slopeg (91) 
k^ = Slope? 
The values of Kg^, and were arbitrarily set equal to 
0.1 mg/ml. The values of and were found by adjusting 
thfi coefficient pots on the analog computer until the break 
in slope came at the time observed in the growth curve that 
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corresponded to the run with 2 percent and 0.5 percent yeast 
extract, was found by adjusting the pot until the overall 
yield was the same as measured during that run. The sub­
stances represented by and Cg2 are unidentified and 
hence their actual concentrations were unknown. Therefore, 
Initial values were arbitrarily assigned to them and were 
proportional to the initial yeast extract concentration. 
The resulting solution to Equations 86, 87, 88 and 89 
Is presented in Figure 35 for the set of runs with 2 percent 
initial glucose concentration. The analog flowsheet and 
constants for the equations are presented in Appendix F. 
The behavior of the solution of Equations 86 to 89 is 
qualitatively very similar to that observed in Figure 34. 
This model provides a rational, but by no means complete, 
explanation of the observed data. Its major drawback is the 
large number of constants involved and the basically empir­
ical manner in which it was derived. 
C. Steady State and Transient Behavior of the 
Continuous Fermentation 
The variables investigated during the continuous fermen­
tation were pH, residence time and feed concentration. The 
feed composition always was in the ranio of two parts 
glucose to one part yeast extract, but the overall concen­
tration was varied. The variables measured at each steady 
state and during the transient period of operation were rate 
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of acid production, concentration of glucose in the fermentor 
and bacterial density. 
The continuous fermentation experiment was based on a 
three dimensional, orthogonal design described by Box and 
Cochran (l4l) and shown graphically in Figure 36, where 
Xg and X^ represent the independent variables pH, residence 
time and feed concentration, respectively. Table 8 lists 
the desired operating conditions in the order that they were 
executed. The center point of the design was duplicated 
five times in order to determine the reproducibility of the 
experiment. 
The temperature of the water bath was initially set at 
44.1° C, but on the ninth day of operation it Jumped to 
45.2° C and remained there during the course of the run. 
As mentioned earlier, the specific growth rate of bacteria 
is nearly independent of temperature over about a 5° C 
interval at their optimum growth temperature, which is 45° C 
for L. delbrueckii (96). In addition, very little difference 
In growth rate was noted between the cultures grown at 43.4° C 
in the shaker flasks and those grown at 44.8° C in the pH 
controlled batch fermentations. Hence, it was assumed that 
this temperature change had very little effect on the 
results. 
The continuous fermentation was started in the manner 
described in the previous chapter. The volume of the ferineu-
17 
11 
110 
19Ç 
Figure 36. Graphical representation of three dimensional, 
statistical design 
Table 8. Desired operating conditions for orthogonal, statistical design (l4l) 
Steady D Csf Code 
5ta:ea pH (hr~l) (mg/inl) (X^ .X , X^) 
1 5.40 0.200 10.0 (0,0,-1 68) 
2 5.40 0.200 20.0 (0,0,0) 
.3 6.24 0.200 20.0 (1.68,0,0) 
i 5.90 0.130 26.0 (1,-1,1) 
5 5.90 0.270 26.0 (1,1,1) 
5 5.40 0.200 20.0 (0,0,0) 
7 5.40 0.317 20.0 (0,1.68,0) 
3 4.90 0.270 26.0 -1,1,1) 
9 4.90 0.270 14.0 (-1,1,-1) 
ID 5.40 0.200 20.0 (0,0,0) 
11 4 .56 0.200 20.0 (-1.68,0,0) 
12 4 .90 0.130 14.0 (-1,-1,-1) 
13 5.90 0.130 14.0 (1,-1,-1) 
14 5.40 0.200 20.0 (0,0,0) 
15 5.40 0.200 30.0 (0,0,1.68) 
16 4.90 0.150 26.0 (-1,-1,1) 
17 5.90 0.270 14.0 (1,1,-1) 
IB 5.40 0.200 20.0 (0,0,0) 
19 5.40 0.083 20.0 (0, -1.68,0) 
^Listed in experimental order. 
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tor was liters. Prom three to six residence times were 
required to reach steady state conditions. The steady state 
was determined vjhen the bacterial density, acid production 
rate and glucose concentration appeared to level out. Once 
the continuous fermentation was started, it was not stopped 
until all 19 steady state conditions were achieved. Although 
it is assumed in the analysis that the change from one set 
of operating conditions to the next is instantaneous, it 
actually took five to ten minutes to establish the new con­
ditions. 
1. Results and yields 
It was not always possible to set the operating condi­
tions exactly as called for in Table 8. The actual operating 
conditions that were run are listed in Table 9 along with the 
steady state values of glucose concentration, bacterial 
density, acid production rate and lactate concentration. 
The lactate concentration was determined by the method of 
Friedman and Graeser (133) and from the rate of caustic 
addition using Equation 58. 
The reproducibility of the center point of the design 
at steady states 2, 6, 10, 14 and I8 was not very good. It 
appears that the culture became more active after several 
days of running as the steady state acid production rate 
and the bacterial density went up at the conditions of the 
center point of the design. 
Table 9. Steady state operating conditions 
Steady 
state pH 
D 
(hr-1) 
Cgf 
(mg/ml) 
Cv 
(UOD/ml) 1
—
1 Hp 
(mg/mln) (mg/ml) 
% 
(mg/ml) 
1 5.34 0.201 9.8 1.84 3.75 80.0 4.29 3.98 
2 5.40 0.201 19.3 2.78 10.00 123.0 6.59 5.86 
3 6.20 0.205 20.0 3.95 0.00 332.0 17.44 15.46 
4 5.90 0.122 26.4 3.32 6.10 160.0 14.12 15.58 
5 5.95 0.252 26.6 3.44 9.10 285.0 12.19 9.86 
6 5.50 0.215 18.3 2.15 10.50 108.0 5.41 5.20 
7 5.38 0.291 20.0 1.56 11.90 94.0 3.48 3.24 
8 5.00 0.246 24.4 1.20 19.80 69.0 3.02 3.56 
9 4.85 0.245 11.4 1.26 9.40 64.0 2.82 3.85 
10 5.45 0.208 21.7 4.38 8.00 185.0 9.60 9.82 
11 4.60 0.197 19.6 1.46 18.10 60.0 3.28 3.66 
12 5.00 0.132 13.9 2.77 3.41 100.0 8.13 7.92 
13 6.10 0.134 14.8 3.73 0.00 135.0 10.85 13.58 
14 5.40 0.198 20.5 4.58 2.36 240.0 13.11 14.34 
15 5.38 0.201 30.8 5.47 7.63 300.0 16.09 20.76 
16 4.85 0.122 26.6 3.24 8.98 141.0 12.41 13.50 
17 5.90 0.266 13.7 3.78 0.00 255.0 10.32 14.10 
18 5.40 0.205 19.4 4.06 1.68 255.0 13.61 13.54 
19 5.40 O.O89 20.0 4.79 0.00 85.0 10.32 14.74 
^Total acid production rate. 
^Determined from caustic addition rate. 
^Determined from chemical analysis. 
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There seemed to be a correlation between the pH of the 
culture at the previous operating conditions and this 
increase in activity. When the culture was growing at 
higher levels of pH, the activity upon return to the center 
point was somewhat lower than was previously observed, as 
illustrated by the sequence of runs 2 to 6 and 14 to l8. On 
the other hand, when the pH was lower during the intervening 
runs, the activity Increased as shown in the sequences 6 to 
10 and 14 to l8. This adaptation does not appear to be 
completely reversible as once the culture was exposed to 
lower pH levels it tended to maintain the higher level of 
activity. 
The overall yield of lactic acid, Ypy^, based on sugar 
consumption can be determined at each steady state level 
from, 
Vs = Ô;^  '53) 
where the effect of dilution due to caustic addition has 
been accounted for in the value of the feed concentration, 
Cgf. From the steady state data there does not appear to 
be any correlation between the value of Ypyg and pH as 
observed in the batch fermentations. Figure 37 shows a plot 
of Cp versus - Cg for all the steady states. An average 
value of Yp/s is found to be 0,72 from the slope of the line 
passed through these points in Figure 37. 
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Figure 37. Comparison of the lactic acid yield and 
glucose utilization in the CSTP 
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In a like manner the overall yield of bacteria, Yyyg, 
is calculated at each steady state level. 
vs = (94) 
Cy is plotted versus Cg^. - Gg in Figure 38 and again there 
is not any significant correlation as observed in the batch 
experiments. The average value of Yy/g as determined from 
the slope is about 0.25 with is close to the maximum yield 
observed in the batch fermentations. On the other hand, the 
value for Ypyg Is lower than the lowest value observed in 
the batch case. This indicates that substrates are utilized 
more for cell production and less for product formation 
during the continuous process than in the batch process. 
For steady states 3, 13, 17 and 19, the output stream 
of the fermentor was found to contain no glucose. In con­
trast, in the batch fermentation there v;as a residual sugar 
analysis a-t the end of the fermentation. This tends to imply 
that there are perhaps some differences in the fashion in 
which substrate is utilized and product is formed between 
the batch and continuous processes. 
In addition to the analyses already mentioned, samples 
from some of the steady state continuous cultures were used 
to inoculate shaker flask cultures. After inoculation, the 
bacterial density was followed for several hours to see if 
any lag phase was observed. In all the cultures scuaied in 
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Figure 38. Comparison of the bacterial yield and 
glucose utilization In the CSTP 
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this manner, no discernible lag phase was observed, even in 
the case of long residence times and zero glucose concentra­
tion, as growth started immediately in the exponential 
phase. This implies that the bacteria are in an active 
state even under rather extreme conditions and that the 
bacterial density determined from the turbidity measurements 
is a valid representation of the active biomass. If there 
had been a lag phase, this would have implied that a signifi­
cant number of the cells were inactive or dead as the turbid­
ity measurement does not make any distinction between dead 
and live cells. Also this validates the assumption that death 
is not an important process under the experimental conditions 
encountered in this study. 
2. Prediction of steady state behavior from batch data 
Two techniques were used to predict the steady state 
behavior of the continuous fermentation from the batch runs. 
The first technique uses the growth model developed for the 
batch fermentation given in Equations 79 to 82 and the 
general material balance for a CSTP given in Equation 34. 
The unsteady state equations for continuous fermentation 
become. 
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dCg 
dï- = (Csf - Cs) D - PsC;Cv (96) 
dC 
^ = fl^C C„ - DC_ (97) dt p s V P 
where D is the dilution rate. 
By setting the left-hand side of each of the above 
equations equal to zero, the steady state solution can be 
found. 
<=3 = (98) 
I °S) D (99) 
Sp= (100) 
Kg^ can be found as a function of pH from Figure 26 and 
Equation 80. Rg and flp are determined from Figures 25 
and 26. From the operating conditions, the value of the 
steady state concentrations are determined for each run and 
are listed in Table 10. 
The second predictive method utilized the technique 
developed by Luedeking (9, 6?) that was discussed earlier. 
Using the empirical fit of the batch growth curves given in 
dC 
Equation 64, the derivative, was determined for each run 
and plotted versus C„. The steady state bacterial density 
was determined by the intersection of a line of slope D 
Table 10. Prediction of steady state behavior from batch fermentation data 
Prom batch model Graphical technique 
Steady 
Cv Cs Cp Cs Cp 
ste.te (UOD/ml) (mg/ml) (mg/ml ) (UOD/ml) (mg/ml) (mg/ml) 
1 1.74 5.40 3.56 2.33 4.70 4.15 
2 2.16 9.30 8.00 4.57 5.90 10.70 
3 1.97 8.40 9.90 3.72 5.50 12.20 
4 2.44 5.96 16.30 7.67 2.26 19.40 
5 2.05 11.20 12.40 6.77 4.80 17.50 
6 2.50 7.70 8.10 4.30 5.40 9.70 
7 1.92 12.20 6.40 4.26 8.25 9.55 
8 1.08 17.60 5.40 5.07 8.70 12.50 
9 1.02 8.40 2.40 3.02 5.50 4.70 
I-O 1.28 13.00 6.80 5.09 6.00 12.50 
:Li 0.70 15.10 3.50 
:.2 1.24 7.62 5.00 4.21 3.66 8.15 
2.30 4.00 8.90 3.28 3.03 9.60 
:i4 2.16 9.80 8.60 4.87 5.90 11.60 
:L5 1.98 15.70 12.30 7.32 6.80 19.70 
:L6 1.19 14.50 9.70 7.97 4.00 18.00 
:i7 2.31 5.50 6.60 3.52 4.20 7.05 
;i8 2.06 9.60 7.80 4.35 6.10 10.50 
;i9 2.92 4.10 12.10 — 
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drawn from the origin to the curve. Because the Initial 
nutrient concentration of the batch culture is usually dif­
ferent from that of the feed medium, the graphical value of 
the bacterial density was corrected by an appropriate factor, 
Q 
C^(graphical) (101) 
so 
where CgQ is the batch concentration and is the contin- ' 
uous feed concentration. Also since the batch runs were 
made at pH levels slightly different from the continuous 
runs, it was necessary to make an approximation by using 
the batch run that was closest to the desired pH. An 
example of the graphical solution is shown in Figure 39. 
Using an alternate form of Equation 99, the glucose concen­
tration was determined from C^. 
D + 
The lactate concentration was estimated using Equation 100. 
The prediction of the steady state values for each run 
using this method is also listed in Table 10. Comparison 
of Table 10 with the actual observed values in Table 9 shows 
that while these methods do provide a rough estimate of the 
behavior of the CSTF, they are not always too reliable. The 
first method does tend to be more successful than the second 
technique. The reasons for this inaccuracy is most probably 
due to applying rather simple kinetic relationships to a very 
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1.25 
1.00 
D = 0.266 hr 
fH 
B 
g 
5 
>1 4a 
•O 
.25 
(graphical) = 3.76 
0 1.0 4.0 2.0 3.0 
(UCK^/ml) --<» 
From Equation 101; 
^sf 
= Cç-^)C^ (graphical) = ^ ^(3,76) = 3.52 
Figure 39. Graphical prediction of C for 
steady state 17 
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complicated bacterial growth situation. Also the change in 
activity of the bacteria would have a significant effect on 
the parameters of the model. 
3_; Transient runs 
Between each steady state, transient response data was 
obtained for step changes in the operating conditions. 
Although samples were taken every 37-1/2 minutes from the 
overflow stream, time did not allow analysis of every sample. 
The optical density was usually determined on every other 
sample and a glucose analysis made on every third or fourth 
sample. Occasionally samples were drawn directly from the 
fermentor at the same time a sample tube was being filled in 
the refrigerator and both were analyzed. In nearly all cases 
the results were the same indicating that the fermentation 
is sufficiently quenched when the culture left the fermentor. 
The results of three of the runs are plotted in Figures 
40, 4l and 42. The data for these runs is tabulated in 
Appendix G along with the transient plots for the other 15 
runs. There did not appear to be any of the oscillatory 
behavior that was observed by Finn and Wilson (84) in the 
transient runs. Overshoot and undershoot of the steady state 
response was observed in several of the runs. 
Equations 95 to 97 were solved on the analog computer 
to simulate the transient behavior of the system. The value 
of was the same as that used to predict the steady state 
D = 0.205 hr-1 
pH =5 6.20 
gf = 20.0 mg/ml 
D = 0.201 
pH = 5*^0 
600- ^sf ~ 19*3 
0— 
16 -
o 
OO0OQ0^000q q 0q -
(^^^0000000 
2 -
o 
16 20 12 
Time (hr) -• 
Figure 40. Transient run 2-3 
D » 0.208 hr-1 
pH = 5*^5 
gj. = 21.7 mg/ml 6oo -
400 -
oi 200 -
1 6 -
8 -o 
2-, 
o 
20 12 
Time (hr)^ 
Figure 4lt Translent run 9-10 
D - 0.197 hr"l 
pH « 4*60 
gf - 19.6 mg/ml 6 0 0 -
QOO00Q—O 
—©—ô— 2 -
16 12 
Time (hr) 
20 
Figure 42. Transient run 10-11 
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behavior. In order that the computed transient run would 
have the same initial and final value as that observed, the 
values of Rg and ®p were redefined from Equations 98 to 
100. 
kv = - D (103) 
/^sf -
«s = ( ) D (104) 
^v^s 
DCp 
"p = fY 
S V 
where Cg, Cy and Cp were the steady state values at the end 
of the transient run. Examples of some of the simulated 
transient runs are shown in Figures 43, 44 and 45. 
The correspondence between the models and the data is 
fairly reasonable. One discrepancy is that the model predicts 
a much faster response in the glucose concentration than was 
observed experimentally. The response times for the other 
cases appear to be approximately the same as observed experi­
mentally. 
8 -
l6-
î 
rf 8-
' t> 
o 2-
24 -4 20 12 
Time (hr) 
Figure 43. Mathematical simulation of transient run 9-10 
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Figure 44. Mathematical simulation of translent run 10-11 
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Figure 45. Mathematical simulation of transient run 15-16 
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V. SUMMARY 
1. The batch fermentation of L. delbrueckli is studied at 
controlled pH levels in a glucose-yeast extract medium. 
The bacterial, glucose and lactic acid concentrations 
are followed. Using a graphical analysis, the kinetic 
data are tested against several proposed rate equations. 
The rate expressions that best fit the data, given by 
Equations 79 to 82, are solved on the analog computer 
and the solution compares well to the observed curves. 
The parameters in the equations are found to be a function 
of pH and have maximum values at about pH 5.90. 
2. Using a modified form of the growth curve equation pro­
posed by Edwards and Wilke (28) an adequate mathematical 
representation of the curves is obtained that is used for 
determining the growth rate by differentiation. The 
modification allows the model to be fitted by a simple 
linear multiple regression analysis rather than using 
the nonlinear method given by Edwards and Wilke (28). 
3. Both the overall bacterial and lactic acid yields based 
on sugar consumption show a maximum at pH 5.90 for the 
batch fermentation. The specific lactic acid yield is 
observed to oscillate with time in the batch fermentation. 
In the continuous fermentation there is not observed any 
dependence of the yield on the pH. 
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4. The batch growth curves of L. delbrueckll exhibit several 
exponential phases. From the results of a series of 
shaker flask experiments, the position of the slope 
changes in the growth curve and the overall bacterial 
yield is effected by the initial amount of yeast extract 
in the media. It is postulated that this behavior is due 
to several stimulatory substances that are initially in 
the yeast extract and are consumed by the bacteria during 
the course of the fermentation. Using a Monod-type 
expression to represent the effect of essential and 
stimulatory components in a proposed rate expression 
given by Equation 83, a mathematical model of the system 
is set up and solved on the analog computer. 
5. The effect of pH, feed concentration and dilution rate 
on the steady state behavior of the CSTF is determined 
by carrying out an experimental program based on a three 
dimensional, orthogonal design. In most instances the 
observed values could be approximately predicted by two 
different techniques from batch data. 
6. In moving from one point on the statistical design to 
another, step changes are made in the operating conditions 
and the transient behavior of the CSTF is observed in 
terms of acid production rate, glucose concentration and 
bacterial density. Using the batch kinetic model, this 
transient behavior is simulated on the analog computer. 
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The response time for the glucose concentration is much 
faster for the simulated runs than is observed, but the 
response time of the bacterial density is about the 
same for both cases. 
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VI. RECOMMENDATIONS FOR FURTHER WORK 
The techniques developed in this study could be applied 
to bacteria whose nutritional requirements are not as 
conplex as L. delbrueckii so that the concentration of 
all the important components of the growth medium could 
be followed and their effect on the growth rate observed. 
Such techniques would also be applicable to enzyme reacting 
systems. 
The extended Monod equation could be applied to other batch 
culture growth curves where multiple exponential regions 
are observed. 
The equipment setup is readily adaptable to study the 
transient response of the CSTF to inputs other than step 
changes such as pulse testing, ramp functions and frequency 
response. Further' studies of this nature may shed more 
light on the nature of fermentation kinetics. 
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VII. NOMENCLATURE 
This list of symbols contains only those that were used 
in several parts of the text. Especially in the chapter on 
background information some symbols were used only once or 
twice and were defined as they were used. Such symbols are 
not listed here. 
*1 polynomial coefficient 
CSTF continuous stirred tank fermentor 
^Ei concentration of essential component i 
S 
concentration of product or lactic acid 
Cs concentration of substrate or glucose 
^Si concentration of stimulatory component i 
Cy bacterial density 
f 
vmax 
bacterial density in the stationary phase 
D dilution rate 
k(t) specific growth rate 
specific growth rate constant in batch fermentation 
model 
^m 
maximum specific growth rate constant 
Kd dissociation constant 
^i Michaelis-Menton constant 
%i Michaelis-Menton constant 
^sv 
growth constant in batch fermentation model 
OD optical density 
R' , dimensionless residence time 
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Rp rate or production oT lactic acid in the CSTF 
t time 
UOD units or optical density 
W bacterial output of CSTF 
Yp/s overall lactic acid yield based on glucose con-
' sumption 
^ygj Y overall bacterial yield based on glucose consumption 
YpyY lactic acid yield based on bacteria produced 
Yp/s(t) instantaneous lactic acid yield 
H rate constant associated with consumption or pro­
duction of i 
R, rate constant associated with the consumption or 
production of i 
Superscripts 
' dimensionless value 
~ steady state value 
Subscripts 
o initial value 
f associated with feed stream to CSTF 
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APPENDIX A. CORRECTION FACTOR FOR DEVIATIONS 
FROM THE BEER-LAMBERT LAW 
159 
A correction factor was determined to correct for the 
optical density measurements made outside the Beer-Lambert 
Law range. A culture sample was diluted successively and 
its optical density measured. When the product of the 
number of dilutions and the optical density is constant, the 
optical density reading falls in the Beer-Lambert Law range. 
The correction factor, ç, is defined as, 
' ' ûfe) 
where n is the number of dilutions and is the bacterial 
density as determined from a sample that had been diluted to 
the range where the Beer-Lambert Law applies. 
As shown in the semilog plot in Figure 46, the value 
of increases in an exponential manner with OD above an optical 
density of 0.08. Prom a measurement of the slope of the line, 
the relationship between ç and OD is given by, 
§ = exp[0.5745(00-0.08)] OD > 0.08 (10?) 
Ç = 1 OD < 1 (108) 
Prom a measurement of the packed cell volume after 
centrifugation of the cells from a culture one UOD was found 
to be equivalent to 0.002 ml of cells. On a dry weight basis 
one UOD was found to be equivalent to 0.43 mg of dry washed 
ce l l s .  
1.1 
1.0 0 .4  0 . 2  0.1 
OD 
Figure 46. Correction factor for optical density measurements 
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APPEÎÎDIX B. FORTRAN COMPUTER PROGRAM FOR CORRECTING 
FOR DILUTION AND SAMPLING ERRORS IN 
BATCH FERMENTATION 
162 
C THIS PROGRAM TAKES RAW KINETIC DATA FROM BATCH 
C FERMENTATION STUDIES AND APPLIES SUITABLE CORRECTIONS 
C TO ACCOUNT FOR DILUTION AND SAMPLING ERRORS. ALSO 
C IT REDUCES THE DATA FROM THE CLUCOSE, LACTATE AND 
C TURBIDITY ANALYSES. THE CORRECTED DATA IS TABULATED 
C IN A USEFUL FORM 
DIMENSION TIME(5»25) ,  GLUC(5,25) ,  U0D(5,25) ,  CL(5,25) ,  
1  G(25)  
C 
C READ IN,  NOB = NUMBER OF BATCH RUNS TO BE REDUCED 
C 
READ (1 ,1)  NOB 
I  FORMAT (12)  
DO 100 I  = 1,N0B 
C 
C INITIALIZE,  SAMPLE NUMBER -  N 
C ML OF CAUSTIC ADDED -  TB 
C NUMBER OF ML OF CAUSTIC ADDED CORRECTED 
C FOR SAMPLING OF NUTRIENTS -  TCB 
C 
N=0 
TB=0.0 
TCB=0.0 
C 
C READ IN,  FEED = TURBIDITY OF FEED (UOD/ML) 
C BN = NORMA 'TY OF HYDROXIDE 
C ABCD = COEFFICIENT IN GLUCOSE ANALYSIS 
C BCDE = COEFFICIENT IN GLUCOSE ANALYSIS 
C M =  NUMBER OF SAMPLE POINTS 
C NR = BATCH NUMBER 
C 
READ (1 ,5)  FEED, BN,  ABCD, BCDE, M,  NR 
5 FORMAT (4F10.0, I3 ,  13)  
WRITE (3 ,8)  NR 
3 FORMAT ( •1»,20X,«BATCH RUN' ,12, / / / )  
C 
C READ IN,  PH = PH OF FERMENTATION 
C HL = LACTATE CONTRATION BY ANALYSIS 
C GI  = INITIAL GLUCOSE CONCENTRATION 
C YEI  = INITIAL YEAST EXTRACT CONTRATION 
C 
READ (1 ,4)  PH, HL,  GI ,  YEI  
4 FORMAT (4F10.0)  
WRITE (3 ,7)  PH, GI ,  YFI  
7  FORMAT ( •  ' ,6X,«PH =• ,  F5.2, / ,  
1  •  ' ,  6X,«INITIAL GLUCOSE CONC. = ' ,  F6.2,  •  MG/ML' , / ,  
2 « « ,  6X,  ' INITIAL Y.E.  CONC. =«,F6.2,  '  MG/ML' , / ,  
o  •  ,  O A ,  - i i N i i i M L  r  c  r \ n n  n  i  v u c u n c  -  j  ,  c  c i i cK)  , / / ;  
WRITE (3 ,6)  
6 FORMAT ( '0 ' ,5X, 'TIMF' ,10X,«N' ,10X, 'GLUC0SE«,10X,  
163 
1 'LACTATE')  
WRITE (3 ,9)  
9 FORMAT (4X, '  {HOURS) ' ,5X,• (UOD/ML) ' ,6X,• (MG/ML) ' , lOX,  
1  MMG/ML) ' , / / )  
DO 20 J=1,M 
C 
C READ IN,  TIME ( I ,J )  = TIME OF SAMPLE J  DURING BATCH I  
C TURB = TURBIDITY OF DILUTED SAMPLE 
C GML = ML CF THIOSULFATE USED IN GLUCOSE ANL.  
C F AC =  DILUTION FACTOR IN GLUCOSE ANALYSIS 
C B = ML OF CAUSTIC ADDED BETWEEN J-1 AND J  
C 
READ (1 ,10)  TIME ( I ,J ) ,  TURB, GML, FAC, B 
10 FORMAT (5F10.0)  
TIME(I ,J)=TIME(I ,J) /60.  
B = 0.6667*8 
C 
C CALCULATE GLUCOSE CONCENTRATION = GLU 
C 
GLU = (ABCD*GML + BCDE)*FAC 
G(J)  = GLU 
C 
C CORRECT FOR BEER-LAMBERT LAW DEVIATIONS AND 
C CALCULATE BACTERIAL DENSITY -  UOD(I ,J)  
C 
IF  (TURB -  0.08)  30,30,40 
30 UOD(I ,J I  =  20.*TURB -  FEED 
GO TO 50 
40 UOD(I ,J)  = 20.»EXP(0.5745*(TURB -  0.08))*TURB -  FEED 
50 TB = T8 + B 
C 
C CORRECT FOR DILUTION ERROR DUE TO CAUSTIC ADDITION 
C 
CFAC = (  5220.  -  N*15.  + TBJ/(  5220.-  N*15.)  
UOD( I ,J )  = CFAC*UnD( I,J) 
GLUC(I ,J)  = CFACfCLU 
C 
C CORRECT FOR REMOVAL OF NUTRIENTS DUE TO SAMPLING 
C 
CB =  15.*GLU*B/G( l ) /5220.  + B 
TCB = TCB + CB 
CL( I ,J)  = TCB*BN*90. /5220.  
N = N + 1  
C 
C WRITE OUT RESULTS 
C 
20 WRITE (3 ,60)  TIMF(I ,J) ,  UOD(I ,J) ,  GLUC(I ,J) ,  CL( I ,J)  
An FORMAT IFIO-?.F13-2.F14-2,F16.2)  
ML = HL*CFAC 
RV = 5.22 + TB/ IOOO. -  N»15/1000.  
164 
«RITE (3,70)  HL» 13» RV 
70 FORMAT ( '  ' ,6X,  'LACTATE BY ANALYSIS = ' ,F6.2,  
1•  MG/ML», / ,  
1  •  ' ,6X,  'VOLUME GF CAUSTIC ADDED = ' ,  F6.1, '  ML' , / ,  
2 '  ' ,6X,  'FINAL FERMENTOR VOLUME = ' ,  F5.2, '  L ITERS')  
100 CONTINUE 
WRITE (  3 ,200)  
200 FORMAT ( ' ! ' )  
STOP 
END 
1Ô5 
APPENDIX C. DATA PROM BATCH FERMENTATION 
KINETIC STUDIES 
l66 
BATCH RUN I  
PH = 4 .95 
INITIAL GLUCOSE CONC. = 18.00 MG/ML 
INITIAL Y.E.  CONC. = 9 .00 MG/ML 
INITIAL FERMENTOP VOLUME = 5 .22 LITERS 
TIME 
(HOURS) 
0 .0 
0 . 6 0  
1.  13 
1 .73 
2.  25 
2 . 6 8  
3.18 
3.73 
4.55 
5.25 
5.88 
6.63 
7.27 
8.55 
11.47 
N 
(UOD/ML) 
1.02 
1.57 
2.48 
2 . 8 2  
3.  22 
3 .  58 
3.82 
3.  93 
4 .25 
4.39 
4.44 
4.50 
4.56 
4.59 
4.37 
GLUCOSE 
(MG/ML) 
14.96 
12.57 
14.  07 
10.99 
9.80 
9.  08 
7 .86 
6.14 
5.16 
3 .67 
2 .  88  
1.98 
1  . 2 8  
0.  68 
0.58 
LACTATE 
(MG/ML) 
0 .  97 
1.95 
2.96 
4.37 
5.71 
6.  36 
6 .95 
7.78 
8 .61  
9.54 
10.27 
11.03 
11.54 
1 1 . 8 2  
1 1 . 8 2  
LACTATE BY ANALYSIS = 11.04 MG/ML 
VOLUME OF CAUSTIC ADDED = 177.3 ML 
FINAL FERMENTOR VOLUME = 5 .17 LITERS 
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BATCH RUN 2  
PH = 5 .33 
INITIAL GLUCGSF CONG. = 18.OC MG/ML 
INITIAL Y.E.  CONC. = 9 .00 MG/ML 
INITIAL FERMfrNTOR VOLUME = 5 .22 LITERS 
TIME 
(HOURS) 
0.0 
0.  50 
0.95 
1.35 
2.03 
2.57 
3.02 
3.60 
4.15 
4.67 
5.58 
6 . 1 2  
7.40 
8.03 
8.97 
N 
(UOD/ML) 
0 .58 
0.98 
1.49 
2 .00  
2.76 
3.  30 
3 .69 
3.  99 
4 .20 
4.40 
4.  70 
4.86 
5.  05 
5 .09 
5.01 
GLUCOSE 
(MG/ML) 
18.64 
1 8 . 6 8  
17.51 
16.82 
14.21 
1 1 . 0 1  
10.38 
8.76 
7.45 
5.97 
3.90 
2.70 
I  .70 
0. 28 
0 . 2 8  
LACTATE 
(MG/ML) 
0 .61  
1.23 
2 . 1 1  
3.03 
5.04 
6 . 6 8  
7.67 
8.87 
10.  09 
11.06 
12.50 
13.30 
14.05 
14.  83 
14.83 
LACTATE BY ANALYSIS = 16.13 MG/ML 
VOLUME OF CAUSTIC ADDED = 222.5 ML 
FINAL FERMENTOR VOLUME = 5.22 LITERS 
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BATCH RUN 3  
PH = 5 .85 
INITIAL GLUCOSE CONC. = 18.00 MG/ML 
INITIAL Y.E.  CUNC. = 9 .00 MG/ML 
INITIAL PERMRNTOR VOLUME = 5.22 LITERS 
T IME 
(HOURS) 
0 . 0  
0.53 
1 .02  
1.65 
2.25 
2.53 
3.22 
3.53 
4.00 
4.50 
5.13 
6. 08 
6.33 
7.33 
N 
(UOD/ML) 
0 .48 
0.  74 
1 .  1 6  
1 .78 
2.25 
2.59 
3.27 
3.46 
3.69 
3 .  92 
4 .11 
4.55 
4.28 
4.15 
GLUCOSE 
(MG/ML) 
14.62 
14.28 
15.31 
11.93 
7.  57 
6 .87 
5.59 
5.44 
4.29 
3.64 
2.09 
0 . 0  
0 .  0  
0.0 
LACTATE 
{MG/ML) 
0 . 2 1  
0 . 6 6  
1.31 
2 . 8 1  
4.43 
5.52 
7.31 
8.13 
9.30 
10.29 
1 1 . 6 0  
13.07 
13.23 
13.23 
LACTATE BY ANALYSIS = 13.17 MG/ML 
VOLUME OF CAUSTIC ADDED = 217.1 ML 
FINAL FERMENTOR VOLUME = 5.23 LITERS 
l6'j 
BATCH RUN 4  
PH = 6 .55 
INITIAL GLUCOSE CONC. = 18.00 MG/ML 
INITIAL Y.E.  CONC. = 9 .00 MG/ML 
INITIAL FERMENTQR VOLUME = 5.22 LITERS 
TIME 
(HOURS) 
0.0 
0.  50 
1,13 
1 . 6 2  
2.30 
3.05 
3.97 
4.88 
5.35 
5.83 
6 .60  
7.10 
8.05 
8.63 
N 
(UOD/ML) 
0 .46 
0.60 
0.84 
1.09 
1.  58 
2 . 1 1  
2.73 
2.98 
3.13 
3.35 
3.77 
4.03 
3.  74 
3.69 
GLUCOSE 
(MG/ML) 
18.65 
18.19 
17.  26 
16.81 
15.42 
12.55 
9.90 
6.96 
5.51 
4.02 
1.70 
0.89 
0.59 
0.59 
LACTATE 
(MG/ML) 
0.61 
1.10 
1.85 
2 . 6 8  
4.22 
6.  24 
8.44 
10.54 
11.66 
12 .86 
14.41 
15.27 
15.27 
15.  27 
LACTATE BY ANALYSIS = 15.29 MG/ML 
VOLUME OF CAUSTIC ADDED = 250.5 ML 
FINAL FERMENTQR VOLUME = 5.26 LITERS 
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APPENDIX D. FORTRAN COMPUTER PROGRAM FOR FITTING 
BATCH GROWTH CURVES TO EQUATION 64 USING 
LINEAR REGRESSION ANALYSIS 
171 
C THIS PROGRAM FITS A REGRESSION MODEL TO BATCH GROWTH 
C CURVES. IT  PLOTS THE REGRESSION CURVE WITH THE DATA, 
C PRINTS OUT THE REGRESSION MODEL EVALUATED AT 0.2 
C HOUR INTERVALS AND PRINTS OUT THE REGRESSION 
C COEFFICIENTS. A FIFTH ORDER POLYNOMIAL IS USED. 
C THE INPUT DATA IS TREATED BY A LEAST SQUARES ANALYSIS 
C TO GENERATE SIX SIMULTANEOUS EQUATIONS THAT ARE 
C SOLVED USING THE IOWA STATE COMPUTER CENTER 
C USIMQ SUBROUTINE. 
C 
DIMENSION A(6,6) ,B(6) ,T(201,BA(20) ,  
I  AA(36) ,Y(20) ,BF(60) ,S(60) ,  
1  XL(5) ,  YL(5) ,  GL(5) ,  DL(5)  
EQUIVALENCE (A( I ,1) ,AA(1))  
C 
C READ IN GRAPH LABELS 
C 
READ (1 ,200)  XL,  YL,  GL,  DL 
200 FORMAT (20A4)  
WRITE (3 ,140)  
140 FORMAT ( ' I ' )  
C 
C IN THE FOLLOWING STATEMENT THE LAST NUMBER OF THE 
C DO LOOP SPECIFICATION IS THE NUMBER OF DATA SETS 
C 
DO 150 M=l ,4  
C 
C READ IN,  N = NUMBER OF DATA POINTS 
C BM = NUMBER GREATER THAN THE MAXIMUM VALUE 
C TO BE FIT TO THE MODEL 
C 
READ (1 ,10)  N,BM 
10 FORMAT (12 ,F10.0Î  
B(1» = 0.0 
DO 30 1=1,N 
C 
C READ IN,  T( I )  = TIME OF SAMPLE I  
C BA(I )  = BACTERIAL DENSITY OF SAMPLE I  
C 
READ (1 ,20)  T( I ) ,  8A( I )  
20 FORMAT (2F10.0)  
Y( I )=ALnG(BM/BA(1)  -1 .0)  
30 B(  1)  =  Yd )+B( l )  
A(  1 ,  1  )  = N 
DO 40 J=2,6 
A(1,J)=0.0 
B(  J)  = 0 .0 
I C  V —  I —  1  
on 50 1=1,N 
Ad,J)  = T( I ) **JEX + A(1,J)  
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50 B(J)  = Y( I ) *T( I ) **JEX 4- B(J)  
40 CONTINUE 
00  80  K=2 ,6  
DO 70 J= l ,  6 
A{K,J)  = 0 .0 
JEX = J+K-2 
00  60  1=1 ,N  
60 A(K,J)  = A(K,J)  + T( I ) **JEX 
70 CONTINUE 
80 CONTINUE 
CALL USIMQ (AA,B,6,6,KS) 
WRITE (3 ,110)  (B(J) ,J= l ,ô)  
110 FORMAT (E20.7)  
WRITE (3 ,400)  
400 FORMAT ( •  • )  
ST=T(N)/50.  
S(  1)  = 0 .0 
DO 130 1=1,50 
ARGM = B( l )  
DO 135 J= l ,5  
135 ARGM=ARGM + B(J+1)*S( I )**J  
BF( I )  = BM/d.O + EXP(ARGM))  
130 5(1+1)  = ST + S( I )  
WRITE (3 ,3)  (BF( I ) ,  S( I ) ,  1=1,50)  
3 FORMAT (2F10.4)  
CALL GRAPH (N,T,BA,1,7,15.0,  8 .0,1.0,0.0,  
1  1.0,0.0,XL,YL,GL,DL)  
CALL GRAPH (50,S,BF,0,4,0,0,0,0,0,0,0,0,0,0)  
C 
C READ IN NEW DATA LABEL 
C 
READ (1 ,200)  DL 
150 CONTINUE 
WRITE (3 ,140)  
STOP 
END 
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APPENDIX E. ANALOG SOLUTION OF 
BATCH FERMENTATION MODEL 
174 
Machine equations: 
"K 
["sCg] 
°d [ t/« ] 
Scale factors: 
< =  = 1  s e c o n d  m a c h i n e  t i m e / l  h o u r  r e a l  t i m e  
"y = 1 voll/UOD/ml 
'^ 3 = 0.5 volts/mg/ml 
'»p = 0.5 volts/mg/ml 
= 0.2 volts/mg/ml 
175 
- C^c 
Figure 47. Analog flow sheet for simulation 
of batch fermentations 
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APPENDIX P. ANALOG SOLUTION OP 
EXTENDED MONOD GROWTH EQUATION 
177 
Machine equations: 
, ki[Cgi] 
= (kn + 
"d [t/p] ° [Kg^ ] + [Cg}] 
2^ [Cgg] . , ^^ El^  W r 1 
[Kgg] + [Cs2]'^ [KEl] + [Cgi]' 
d[Cgi] &S1 
d[t/f?] " av)( d[t/a] 
dfC&z] ,GS2.,d[avCv] 
ITETFT = -(-^ )(-dTt7*T) 
d[Cg.] ctEl 
-(^ )[CEl][avCv] 
Scale factors; 
? =1 second machine time/l hour real time 
Gy = 1 volt/UOD/ml 
Parameter values: 
[Kgi] = [Kgg] = 0.05 volts 
[Kgi] = 0.10 volts 
ko = 0.109 hr"^  
k^  = 0.215 hr'l 
kg = 0.528 hr"l 
ogi = 0.700 
178 
ag2 - 2.000 
[Cgi]° = 9.0 volts 
 ^YE [OsiJ° [Cs2]° [ayCvJO Pei 
0.4 1.0 V. 1.0 V. 0.14 V. 1.30 
1.0 2.5 2.5 0.13 1.50 
2.0 5.0 5.0 0.12 2.25 
4.0 10.0 10.0 0.11 2.90 
179 
Kc,— ^  
y 
Figure 48. Analog flow sheet for simulation of bacterial 
growth curves with several exponential phases 
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APPENDIX G. TABULATED DATA AND PLOTS OP TRANSIENT RUNS 
181 
TRANSIENT RUN 2-3 
OPERATING CONDITIONS-
FEED RATE = 18.10 ML/MI N 
CAUSTIC RATE = 0.9 ML/MIN 
RESIDENCE TIME = 4.88 HOURS (4.97)* 
FEED CONCENTRATION = 20.0 MG/ML (19.3)* 
PH = 6.20 (5.40)* 
•PREVIOUS CONDITION 
TIME N GLUCOSE ACID PRODUCTION 
(HOURS) (UOD/ML) (MG/ML) (MG/MIN) 
0.0 2.78 10.00 123.0 
0.28 169. 0 
0.62 2.76 
0.83 178.0 
1.25 2.91 
1.38 187.0 
1.87 3.09 
1.95 192.0 
2.37 8.01 
2.48 3.30 
2.50 220.0 
3.05 246.0 
3.12 3.53 
3.60 324.0 
3.73 3.71 
4.15 324.0 
4.35 4.02 
4.38 6.44 
4.98 4.30 
5.27 407.0 
5.60 4.62 
5.82 445.0 
6.22 4. 89 
6.38 460.0 
6.85 5.23 
7.47 5.26 
7.87 0.0 
8.05 362.0 
8.08 5.23 
8.72 5.11 
9.33 5.03 
r\ -» o 32?iO 
10.58 4.67 0.0 
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11.20 4.52 
11.38 328.0 
11.82 4.38 
12.45 4.42 
13. 05 335.0 
13.07 4.33 
13.68 4.23 
14.32 4.21 0.04 
14.72 336.0 
14.93 4.23 
15.55 4. 11 
16.18 4.18 
16.38 0.24 332.0 
16.80 4.11 
17.42 4.02 
18.05 3.99 334.0 
18.67 4.02 
19.28 3. 92 0.0 
19.72 330.0 
19.92 4.02 
20. 53 3.90 
21.15 3.92 
21.38 344.0 
21.77 3.95 
21.85 3.95 0.0 332.0 
STEADY STATE VALUES-
LACTIC ACID BY OH- ADDITION = 17.44 MG/ML 
LACTIC ACID BY ANALYSIS = 15.46 MG/ML 
BACTERIAL DENSITY = 3.95 UOD/ML 
GLUCOSE CONCENTRATION = 0.0 MG/ML 
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TRANSIENT RUN 9-10 
OPERATING CONDITIONS-
FEED RATE = 18.30 ML/MIN 
CAUSTIC RATE = 1.0 ML/MIN 
RESIDENCE TIME = 4.82 HOURS (4.08)* 
FEED CONCENTRATION = 21.7 MG/ML (11.4)* 
PH = 5.45 (4.85)* 
•PREVIOUS CONDITION 
TIME N GLUCOSE ACID PRODUCTION 
(HOURS) (UOD/ML) (MG/ML) (MG/MIN) 
0.0 1.25 9.40 64.0 
0.55 1.49 
1.17 1.55 
1.55 59.5 
1.78 1.59 9.88 
2.42 1.67 
3.22 102.0 
3.65 1.93 10.00 
4.28 1.99 
4.88 123.0 
5.52 2.17 11.70 
6.15 2.29 
6.55 124.0 
6.77 2.36 
7.38 11.80 
8 . 0 2  2 . 6 2  
8.22 131.5 
8.63 2.89 
9.25 3.00 11.10 
9.88 2.96 146.0 
10.50 2.96 
11. 12 3.05 10.90 
11.55 177.0 
11.75 3.21 
12.37 3.27 
12.98 3.21 10.00 
13.22 162.0 
13.62 3.46 
14.23 3.55 
14.85 3.50 9.47 166.0 
15.48 3.53 
16 #1G 3*62 
16. 55 180.0 
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16.72 
17.35 
17.97 
18,22 
18.58 
19.22 
19.83 
20.45 
21.08 
21.55 
21.70 
22.32 
22.95 
23.22 
23.57 
24.18 
24.82 
24.97 
3.55 
3.67 
3.78 
9.35 
164.0 
3.64 
3.78 
3.  83 
3.78 
3.90 
8 . 8 1  
8 . 6 0  
183.0 
176.0 
3.99 
3.92 
3.99 
7.54 
198.0 
4.04 
4.02 
4.04 
4.07 8.00 
7.20 
185.0 
STEADY STATE VALUES-
LACTIC ACID BY OH- ADDITION = 9.60 MG/ML 
LACTIC ACID BY ANALYSIS = 9.82 MG/ML 
BACTERIAL DENSITY = 4.07 UOD/ML 
GLUCOSE CONCENTRATION = 8.00 MG/ML 
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TRANSIENT RUN 10 -11  
OPERATING CONDITIONS-
FEED RATE = 18.00 ML/MIN 
CAUSTIC RATE = 0.3 ML/MIN 
RESIDENCE TIME = 5.08 HOURS (4.82)* 
FEED CONCENTRATION = 19.6 MG/ML (21.7)* 
PH = 4.60 (5.45)* 
«PREVIOUS CONDITION 
TIME N GLUCOSE ACID PRODUCTION 
(HOURS) (UOO/ML) (MG/ML) (MG/MIN) 
0.0 4.38 8.00 185.0 
0.47 4.29 
1.08 4.10 8.81 
1.58 96.0 
1.70 3.88 
2.  33 3.  58 
2.95 3.28 10.50 
3.25 65.0 
3.57 3.  24 
4.20 3.05 11.70 
4.  82 98.5 
5.43 2.63 
6.07 2.61 
6.57 126.0 
6.68 2.37 13.60 
7.30 2.43 
7.93 2.41 
8.23 132.0 
8.55 2.30 14.10 
9.17 2.41 
9.80 2.45 
10.42 2.35 17.10 70.0 
11.67 2.37 17.10 
12.67 67.0 
12.90 2.  30 
13.53 1.91 18.00 
14.15 1.96 
14.33 55.0 
15.40 1.87 17.70 
16.02 50.0 
16.63 1.75 
17.67 59.0 
17.88 1.64 18.60 
186 
19.13 
19.35 
20.37 
21.02 
21.62 
22.87 
24.10 
25.35 
2 6 . 6 0  
27.02 
1 .60  
60.0 
1.52 19.00 
58.0 
1.48 
1.48 
1.42 
1.40 
1.42 
1.46 
17.10 
18.  10 
18. 10 
52.0 
6 1 . 0  
6 0 . 0  
STEADY STATE VALUES-
LACTIC ACID BY OH- ADDITION = 3.28 MG/ML 
LACTIC ACID BY ANALYSIS = 3.66 MG/ML 
BACTERIAL DENSITY = 1.46 UOD/ML 
GLUCOSE CONCENTRATION = 18.10 MG/ML 
D = 0.201 hr-1 
pH = 5*40 
Cgf = 19 «3 IBS/ûïl 
6 0 0 - 0.201 
5.34 
9.8 sf 
1 6  -
000 00 0 0000*0^ —©—® 
o 
4 8 16 0 12 20 
Time (hr) —»• 
Figure 49. Transient run 1-2 
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Figure 50. Transient run 3-4 
D = 0,252 hr-1 
pH = 5.95 
gf. = 26.6 mg/ml 
D = 0.122 
pH » 5*90 
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Figure 51. Transient run 4-5 
D = 0.215 hr-i 
pH = 5*50 
gf • 18.3 mg/ml 600 -
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Figure 52, Translent run 5-6 
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Figure 53. Transient run 6-7 
D = 0.246 hr-l 
pH Œ 5*00 
gf = 24,4 mg/ml 
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Figure 54. Transient run 7-8 
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Figure 55. Transient run 8-9 
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Figure 56. Translent run 11-12 
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Figure 57. Transient run 12-13 
D = 0.198 hr'l 
pH = 5*40 
gf = 20.5 mg/ml 
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Figure 58, Transient run 13-14 
D = 0.201 hr"^ 
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Figure 59. Transient ran 14-15 
D = 0.122 hr"^ 
pH » 4.85 
gf p 26.6 mg/ml 
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Figure 60. Transient run 15-16 
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Figure 6). Transient run 16-1? 
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Figure 6^ Transient run 17-18 
D = 0.089 hr-^  
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Figure 63. Transient run 18-19 
